Isospin asymmetries in $B\to (K^*,\rho) \gamma/ l^+ l^-$ and $B \to K
  l^+ l^-$ in and beyond the Standard Model by Lyon, James & Zwicky, Roman
Edinburgh/13/05
CP3-Origins-2013-007 DNRF90
DIAS-2013-7
Isospin asymmetries in B → (K∗, ρ)γ/l+l− and B → Kl+l− in
and beyond the Standard Model
James Lyona,1 & Roman Zwickya,2
a School of Physics and Astronomy, University of Edinburgh, Edinburgh EH9 3JZ,
Scotland
Abstract
We compute the isospin asymmetries in B → (K∗, ρ)γ and B → (K,K∗, ρ)l+l−
for low lepton pair invariant mass q2, within the Standard Model (SM) and beyond
the SM (BSM) in a generic dimension six operator basis. Within the SM the CP-
averaged isospin asymmetries for B → (K,K∗, ρ)ll, between 1 GeV2 ≤ q2 ≤ 4m2c ,
are predicted to be small (below 1.5%) though with significant cancellation. In
the SM the non-CP averaged asymmetries for B → ρll deviate by ≈ ±5% from
the CP-averaged ones. We provide physical arguments, based on resonances, of
why isospin asymmetries have to decrease for large q2 (towards the endpoint). Two
types of isospin violating effects are computed: ultraviolet (UV) isospin violation
due to differences between operators coupling to up and down quarks, and infrared
(IR) isospin violation where a photon is emitted from the spectator quark and is
hence proportional to the difference between the up- and down-quark charges. These
isospin violating processes may be subdivided into weak annihilation (WA), quark
loop spectator scattering (QLSS) and a chromomagnetic contribution. Furthermore
we discuss generic selection rules based on parity and angular momentum for the
B → Kll transition as well as specific selection rules valid for WA at leading order
in the strong coupling constant. We clarify that the relation between the K and the
longitudinal part of the K∗ only holds for leading twist and for left-handed currents.
In general the B → ρll and B → K∗ll isospin asymmetries are structurally different
yet the closeness of αCKM to ninety degrees allows us to construct a (quasi) null
test for the SM out of the respective isospin symmetries. We provide and discuss an
update on B(B0 → K∗0γ)/B(Bs → φγ) which is sensitive to WA.
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1 Introduction
The isospin asymmetry in B → K∗ll gave, in recent years, some indication of being of
opposite sign to the Standard Model (SM) prediction [1, 2]. This trend has not been
confirmed by the new LHCb data in the year of 2012 [3], yet in B → Kll a negative
deviation from zero has been measured at the level of 4σ taking into account the entire
q2-spectrum. The isospin-asymmetry in B → Kll is expected to be small in the SM and
therefore it is important to assess this observable. Isospin asymmetries of the B → K∗γ
and B → ργ [4] are found to agree and deviate by two standard deviations from the SM
giving rise to constraints and curiosity for future measurements respectively.
Independent of any signs of deviation, the isospin asymmetry contributes to the micro-
scopic investigation of flavour changing neutral currents (FCNCs). It is sensitive to a large
number of four Fermi operators of the ∆F = 1-type and complements the constraints from
non-leptonic decays.
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In this paper we consider two types of isospin violating effects: ultraviolet (UV) isospin
violation due to unequal coupling of up and down quarks to Fermi operators as well as
infrared (IR) isospin violation from spectator emission of the intermediate photon which
is therefore proportional to the charge difference of up and down quark. The latter mainly
result from processes for which the large energy release of the b-quark is transferred to the
spectator quark which then emits an energetic photon as the external kinematics require.
The processes are depicted in Fig. 1 and are from left to right: weak annihilation (WA),
quark loop spectator scattering (QLSS) and the contribution from the chromomagnetic
operator which we shall simply denote by O8 hereafter. Isospin effects in quantum chro-
modynamical (QCD) quantities such as masses and decay constants are known to be just
below the sub-percent level, to be discussed later on, and therefore small in comparison to
the precision accessible to near future experiments.
In this paper we have computed WA in LCSR, extending earlier results for q2 = 0 [5, 6],
QLSS within QCD factorisation (QCDF) and O8 we take from our recent computation [7].
Furthermore we include a complete set of dimension six operators relevant at leading order
of the strong coupling constant αs = g
2
s/4pi. By mapping a specific model into an operator
basis, such as the family model considered in [8], one can get the effects with our estimates.
Various aspects of the isospin asymmetry in B → K,K∗l+l− decay have been calculated
previously. The closely related decay B → V γ has been computed using QCD factorisation
(QCDF) in [9] and using a mixture of QCDF and light-cone sum rules (LCSR) in [10]. A
program computing the isospin asymmetry B → K∗γ in the minimal supersymmetric SM
has been reported in [11]. B → K,K∗l+l− was computed using QCDF in [12], and a mixed
approach was recently employed for B → Kll in [13]. In this paper we improve on these
works by including a complete basis of dimension six operators for WA and QLSS, our
recent O8-computation [7], and the complete set of twist-3 terms for WA.
Essential results of the paper are that the isospin asymmetries of B → K,K∗, ρll are
small in the SM; especially and systematically for high q2. The isospin asymmetries of
the K∗- and ρ-mesons turn out to be very similar at small q2 up to form factor ratios due
to the, presumably, accidental closeness of the Cabibbo-Kobayashi-Maskawa (CKM) angle
αCKM to ninety degrees. This prompts us to define a quantity δaI which serves as a (quasi)
null test of the SM. The results of the generic dimension six operators are given in form
of tables and complement constraints from non-leptonic decays and B → (K∗, ρ)γ decays,
which we discuss.
This work is written in the language of B → K/K∗-transition. Adaptation to other
light vector mesons is generally straightforward, with the exception of WA for B0 → ρ0-
and Bs → φ-transitions which we discuss in the corresponding section in some detail.
The paper is organised as follows: in section 2 we present formulae for pseudoscalar and
vector meson decay rates in terms of helicity amplitudes, the relation of the latter to form
factors and quark loop functions and finally formulae for the isospin asymmetries in a
linear approximation. In section 3 the complete operator basis of dimension six operators
contributing at O(α0s) to the WA subprocess is given; with results in subsection 3.4 and
detailed formulae in appendix F.3. In section 4 we present the complete dimension six
operator basis contributing to QLSS at order O(αs) along with results computed in QCDF.
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In section 5 we present the B → K∗ll and B → K∗γ isospin asymmetries. In subsection
5.1 we discuss selection rules: those applicable to any scalar → scalar ll decay in 5.1.1,
those particular to WA in the factorisation approximation 5.1.2 and we also discuss to
what extent the K distribution amplitude (DA) does or does not correspond to the K∗‖
in 5.1.3. In subsection 5.2 we discuss q2 dependence of the isospin asymmetries, and in
subsection 5.3 we discuss the kaon isospin asymmetries in the SM respectively. In section
6 we present the isospin asymmetry of B → ργ/ll as well as an extension of the operator
basis for ρ0-channel. In section 7 we cover aspects of isospin BSM: in 7.1 we (briefly)
discuss constraints and in 7.2 we propose the ratio of the K∗γ- and ργ-asymmetries as a
(quasi) null test of the SM. We end the paper with a summary and conclusions in section
8.
We give an updated prediction for B(B0 → K∗0γ)/B(Bs → φγ) in appendix A, which
was recently measured by LHCb. Various explicit results can be found in appendix F, such
as numbers for the generic dimension six operator basis for all isospin asymmetries discussed
in this paper in F.1. Aspects of gauge invariance of the WA and QLSS computations, which
turn out to be rather intricate, can be found in appendix D.
2 Decay rate and form factors
The effective Hamiltonian in the SM, to be extended in upcoming sections, is parametrised
by
Heff = GF√
2
(
2∑
i=1
(λuCiOui + λcCiOci )− λt
10∑
i=3
CiOi
)
, λi ≡ V ∗isVib , (1)
where the b→ s unitarity relation reads λu + λc + λt = 0. The basis is given by [14]:
Oq1 = (s¯iqj)V−A(q¯jbi)V−A Oq2 = (s¯iqi)V−A(q¯jbj)V−A
O3 = (s¯ibi)V−A
∑
q
(q¯jqj)V−A O4 = (s¯ibj)V−A
∑
q
(q¯jqi)V−A
O5 = (s¯ibi)V−A
∑
q
(q¯jqj)V+A O6 = (s¯ibj)V−A
∑
q
(q¯jqi)V+A
O7 = −emb
8pi2
s¯σ · F (1 + γ5)b O8 = −gsmb
8pi2
s¯σ ·G(1 + γ5)b
O9 = α
2pi
(l¯γµl)(s¯γµ(1− γ5)b) O10 = α
2pi
(l¯γµγ5l)(s¯γµ(1− γ5)b) , (2)
where i, j are colour indices, (s¯b)V±A = s¯γµ(1 ± γ5)b and O′7−10 will denote the operators
with opposite chirality as usual, and we have taken the opposite sign of O7,81. These are
the same conventions as in [15]. Details of the calculation of the Wilson coefficients C1−10
are given in appendix E.3. Furthermore, e =
√
4piα > 0 where α is the fine structure
constant and GF is the Fermi constant.
1 This corresponds to a covariant derivative Dµ = ∂µ− iQeAµ− igsAµ and interaction vertex +i(Qe+
gs
λa
2 )γ
µ in agreement with [15] but differing from [5, 6, 14, 16].
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We parameterise the amplitude as follows:
out
〈
M(p)l+(l1)l
−(l2) | B(p+ q)
〉
in
=
GF√
2
λt
αmb
q2pi
(
u¯(l1)γµv(l2)
∑
i
T Vi P µi + u¯(l1)γµγ5v(l2)
∑
i
T Ai P µi
)
δ(4)(q − l1 − l2) ,
(3)
where M stands, throughout this work, for a light vector (K∗,ρ) or pseudoscalar (K)
meson. The symbols u, v correspond to lepton polarisation spinors of mass dimension 1/2
and q = l1 + l2 is the total momentum of the lepton pair. For lepton coupling we only allow
V and A-couplings as present in the SM. The isospin violating contributions all proceed
through a photon and thus have a vectorial coupling. The axial coupling is included as
it originates through Z-penguins and box diagrams which are significant in the SM. In
this work we do not include non-SM lepton couplings. The basis tensors P µi [7] are the
standard choice for penguin form factors
K∗ : P µ1 =2
µνρση∗νpσqρ ,
P µ2 =i
[
(m2B −m2K∗)η∗µ − (η∗ · q)(2p+ q)µ
]
,
P µ3 =i(η
∗ · q)
[
qµ − q
2
m2B −m2K∗
(2p+ q)µ
]
,
K : P µT =
1
mB +mK
[
(m2B −m2K)qµ − q2(2p+ q)µ
]
, (4)
in the sense that T Vi = C7Ti(q2) + corrections2. The basis for pseudoscalar and vector
meson decays are P µT and P
µ
1,2,3 respectively. Note we have implicitly assumed ml = 0 as
otherwise there is additional direction proportional to qµ which vanishes for the V but is
proportional to ml for A. The four vector η denotes the vector meson polarisation. We
use the Bjorken & Drell convention for the Levi-Civita tensor 0123 = +1. In discussing
physical quantities and problems it will prove advantageous to go over to the so-called
helicity basis : h0h+
h−
 =
 0 a b1/√2 −c/√2 0
1/
√
2 +c/
√
2 0

︸ ︷︷ ︸
≡B
T1T2
T3
 . (5)
which corresponds to 0,±3 polarisation of the vector meson. Basis tensors corresponding
to h0,± are given in appendix C. The variables a, b, c in the basis transformation matrix
are given by:
(a, b) ≡
√
qˆ2
8
1
mˆV
(
1 + 3mˆ2V − qˆ2√
λV
,
−√λV
1− mˆ2V
)
, c ≡ 1− mˆ
2
V√
λV
= 1 +O(qˆ2) ,
2The T Vi differ from the ones [15] in that we include the contributions of C9 as well.
3The direction 0 and ± are also known as the longitudinal and transversal polarisation directions.
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where here and below hatted quantities are normalised with respect to the B-meson mass,
qˆ2 ≡ q2/m2B, mˆ2V ≡ m2V /m2B and λV is the Ka¨lle´n-function with normalised entries:
λV ≡ λV (1, mˆ2V , qˆ2) = ((1 + mˆV )2 − qˆ2)((1− mˆV )2 − qˆ2) . (6)
For the K-meson there is no polarisation and no freedom in choosing a basis.
The decay rates are given by4
dΓ
dq2
[B → K∗l+l−] =
[
λ
3/2
V
q2
]( α
4pi
)2
cF cL
∑
i=V,A
[∣∣hi+∣∣2 + ∣∣hi−∣∣2 + |hi0|2] , (7)
dΓ
dq2
[B → Kl+l−] =
[
λ
3/2
P
2(mB +mK)2
]( α
4pi
)2
cF cL
∑
i=V,A
|hiT |2 , (8)
Γ[B → K∗γ] =
[
3
4
λ
3/2
V
]( α
4pi
)
cF
[|hV+|2+|hV−|2] |q2=0 , (9)
where cF ≡ (G2F |λt|2m2bm3B/12pi3), hiT ≡ T iT and cL = (1 + 2m2l /q2)
√
1− 4m2l /q2 accounts
for nonzero lepton mass. An important observation is that for mV → 0 the rate remains
bounded5 provided that
hi0 = O(m0V ) ⇒ T i2 =
λV
(1− mˆ2V )(1 + 3mˆ2V − qˆ2)
T i3 +O(mV ) . (10)
This expression reduces to the form we have given in our previous work [7] in the appendix
in the mV → 0 limit. In essence the relation between T2 and T3 cancels the explicit 1/mV
in h0 which appears through (5) and (6). Note in the SM h+  h− by virtue of the
V -A-interactions. In [15], which operates in the heavy quark limit, h+ → 0. In our work
h+ is vital as we allow for right-handed structures that violate isospin.
The axial lepton amplitudes T Ai arise only from the O10 operator and are given in terms
of standard form factors by:
T A1 =
C10q
2V (q2)
2mb(mB +mK∗)
, T A3 = −C10
mK∗
mb
A3(q
2) ,
T A2 =
C10q
2A1(q
2)
2mb(mB −mK∗) , T
A
T = C10
mB +mK
2mb
f+(q
2) . (11)
4The IR sensitive 1/q2 factor in the B → V ll rate for ml → 0 is compensated by a virtual lepton loop
in the limit q2 → 0 as the collinear lepton pair is indistinguishable from a photon. This corresponds to
the famous Bloch-Nordsieck cancellation mechanism. Furthermore we note that |h0|2∼ q2 by virtue of (6)
and (5) and corresponds to the well-known decoupling of the zero helicity mode towards q2 → 0. In the
differential rate into the pseudoscalar (8) the q2 has been factored out from |hT |2 to cancel the explicit
pole.
5Note we do not want to invoke the mV → 0 limit per se as it is well known that massless and massive
representations differ in a discontinuous fashion.
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Figure 1: Isospin violating processes included in our calculation. Crosses indicate possible pho-
ton emission points. Throughout this paper double lines stand for the b-quark flavour. (left)
Weak annihilation (WA) (middle) Quark loops with spectator scattering (QLSS) (right) Chro-
momagnetic operator O8. Note that in WA we have indicated photon emission from quarks with
Qb-charge as well as WA is sensitive to UV isospin violation where the four Fermi operator with
spectator quark u and d appear in unequal proportion.
We will split the vector lepton amplitudes into isospin sensitive and insensitive parts de-
noted by T q and T 0 respectively with q being the light flavour of the B-meson:
T Vi = T V,0i + T V,qi , T V,qi = Ceff8 Gqi (q2) +W qi (q2) + Sqi (q2) . (12)
Note, we have absorbed the Wilson coefficient (WC) for WA and QLSS into the functions
W qi (q
2) and Sqi (q
2) respectively as there are quite a few of them. The WC Ceff7,8,9 correspond
to scheme and basis independent WCs which include quark loop contributions and will be
defined further below. The symmetric part is approximated throughout this work by the
Ceff7,9 contributions, which in terms of standard form factors is given by:
T V,01 (q2) =
Ceff9 (q
2)q2V (q2)
2mb(mB +mK∗)
+ Ceff7 T1(q
2) , T V,03 (q2) = −Ceff9 (q2)
mK∗
mb
A3(q
2) + Ceff7 T3(q
2)
T V,02 (q2) =
Ceff9 (q
2)q2A1(q
2)
2mb(mB −mK∗) + C
eff
7 T2(q
2) , T V,0T (q2) = Ceff9 (q2)
mB +mK
2mb
f+(q
2) + Ceff7 fT (q
2)
(13)
The isospin sensitive diagrams are shown in Fig. 1. The weak annihilation amplitude,
denoted W qi (q
2), (Fig. 1,left) originates from O1−6 and is computed using LCSR in section
3. Spectator scattering with a quark loop, denoted Sqi (q
2), (Fig. 1,middle) arises from O1−6
as well and is computed using QCD factorisation in section 4. The spectator contributions
due to O8 (Fig. 1,right) are denoted by Gqi (q2) and are taken from our recent work [7]. For
the short distance form factors in (11) and (13) we use the fits in [17, 18], recomputed with
updated hadronic inputs as in [7]. Quark loop contributions, other than the ones with a
gluon connecting to the spectator, are absorbed into the effective WCs. The structures
proportional to the mb-mass are independent of q
2 and described by:
Ceff7 = C7 −
4
9
C3 − 4
3
C4 +
1
9
C5 +
1
3
C6 , C
eff
8 = C8 +
4
3
C3 − 1
3
C5 . (14)
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The other contributions are taken care off by Ceff9 (q
2) [19],
Ceff9 (q
2) = C9 + Y (q
2) , (15)
where
Y (q2) =h(q2,mc)
(
−λc
λt
(3C1 + C2) + 3C3 + C4 + 3C5 + C6
)
− h(q
2,mb)
2
(4C3 + 4C4 + 3C5 + C6)
− h(q2, 0)
(
λu
λt
(3C1 + C2) +
1
2
(C3 + 3C4)
)
+
4
27
(C3 + 3C4 + 8C5) ,
(16)
with h(s,mq) being photon vacuum polarisation which we quote in section 4.2, and we
restored the factors λu and λc factors explicitly especially in view of the fact that for the
b→ d transition the hierarchies differ from the b→ s transitions.
2.1 Definition of isospin asymmetries
The experimentally accessible isospin asymmetry aI(q
2) and its CP-average a¯I
6, which are
functions of the lepton pair invariant mass q2, are defined as follows:
a0¯−I (q
2) ≡ dA
0¯−
I
dq2
≡ c
2
MdΓ[B
0 →M0l+l−]/dq2 − dΓ[B− →M−l+l−]/dq2
c2MdΓ[B
0 →M0l+l−]/dq2 + dΓ[B− →M−l+l−]/dq2
,
a¯I(q
2) ≡ 1
2
(
a0¯−I (q
2) + a0+I (q
2)
)
, (17)
where a0+I corresponds to the CP-conjugated process of a
0¯−
I . The constant cM is given
by cK = cK∗ = 1 and cρ =
√
2 7. A similar definition without differential applies for the
B → K∗/ργ transition. The definition above makes clear the meaning of isospin in this
context: it is understood throughout this paper to mean a rotation between u and d quarks,
with no corresponding rotation between b and t quarks, as is understood in the case of the
electroweak precision parameter ρ for instance.
Assuming that the decay rate is dominated by C7,9,10, only taking linear terms into
6For the K∗ this merely doubles the statistics and reduces experimental uncertainties in the production.
For the pseudoscalar K this is essential as the K0S is detected in experiment which is a linear superposition
of |sd¯〉 and |ds¯〉 eigenstates which implies averaging.
7This accounts for ρ0 ∼ (u¯u − d¯d)/√2 since the leading decay amplitude only couples to the d¯d
component of the ρ0.
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account as in [9, 12], we arrive at:
dA0¯−I
dq2
[B → K∗l+l−] =
∑
i={0,±}
Re
[
hV,0i (q
2)∆V,d−ui (q
2)
]
∑
i={0,±}
[
|hV,0i (q2)|2+ |hAi (q2)|2
] +O([∆V,d−ui (q2)]2) ,
dA0¯−I
dq2
[B → Kl+l−] =
Re
[
hV,0T (q
2)∆V,d−uT (q
2)
]
|hV,0T (q2)|2+ |hAT (q2)|2
+O([∆V,d−uT (q2)]2) ,
a0¯−I [B → K∗γ] =
∑
i=±
Re
[
hV,0i (0)∆
V,d−u
i (0)
]
∑
i=±
[
|hV,0i (0)|2+ |hAi (0)|2
] +O([∆V,d−ui (0)]2) , (18)
where ∆V,d−uι (q
2) ≡ (hV,dι (q2)− hV,uι (q2)). It is worth mentioning that in the above formulae
we have explicitly and implicitly neglected effects from phase space differences, isospin
corrections to QCD quantities such as decay constants, and the light quark masses mq.
The latter are negligibly small and QCD corrections to isospin are known to be small:
for example the pseudoscalar decay constant differs by roughly 0.5% between the neutral
and charged case; see e.g. [20] for a computation in chiral perturbation theory. For the
B-mesons isospin effects are even smaller as mB0 − mB± = 0.32(6) MeV8 [21] , which is
minuscule in comparison with the heavy quark scale Λ¯ = mB −mb ' 600 MeV. Thus in
summary it is expected that isospin violation arising from the form factors will not reach
the one percent level and we shall therefore not discuss them any further.
3 Weak annihilation (WA) contribution
The WA process B− → W− → K(∗)− is described by the “tree-level” operators O1,2
in a process as shown in Fig. 1(left). By extension, the same name is also given to
diagrams with the same arrangement of quark lines involving O3−6, though they arise from
renormalisation running and short distance penguins.
The WA contribution to B → K∗γ/l+l− has previously been computed at O(αs) using
LCSR at q2 = 0 in [5, 6] and in QCD factorisation at q2 = 0 [22] and for q2 > 0 [15, 12].
We extend the LCSR computation to higher q2 including twist-3 corrections from the h‖
DA relevant to the longitudinal K∗ component which were neglected in [15, 12].
8The mass difference between the two neutral kaons is about one percent and relatively large and rather
exceptional as a result of the Gell-Mann–Oakes–Renner relation m2K = −2(mq +ms) 〈q¯q〉 /f2K + ...
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3.1 Complete WA-basis of dimension 6 operators at O(α0s)
We include all four quark operators q¯Γ1b s¯Γ2q which potentially contribute at O(α0s)9:
OWA1 ≡ q¯b s¯q OWA2 ≡ q¯γ5b s¯q OWA3 ≡ q¯b s¯γ5q OWA4 ≡ q¯γ5b s¯γ5q
OWA5 ≡ q¯γµb s¯γµq OWA6 ≡ q¯γµγ5b s¯γµq OWA7 ≡ q¯γµb s¯γµγ5q OWA8 ≡ q¯γµγ5b s¯γµγ5q
(19)
OWA9 ≡ q¯σµνb s¯σµνq OWA10 ≡ q¯σµνγ5b s¯σµνq ,
parametrised by the effective Hamiltonian:
HWA,q = −GF√
2
λt
10∑
i=1
aqiO
WA
i , (20)
where we suppress the q superscript on the operators OWAi throughout this work. Note
that at O(αs), as well as for the ρ0 for O(α0s) to be discussed in section 6.1, the size of the
basis doubles as octet combinations of the type OWA,81 ≡ (1/4)q¯λab s¯λaq contribute as well.
3.1.1 Projection on SM-basis (WA in SM)
In the SM the operators (19) obey minimal flavour symmetry (MFV) [23, 24, 25, 26, 27]
and may be expressed in the form q¯ΓPLb s¯PRΓq (2). Since WA fixes the quark flavours
and couples to only a single colour structure, two independent combinations of SM WCs
(Γ ∈ {1, γµ}) appear in each B → Mll process. For a bq → sq process, with q = u, d, the
couplings are given by
SM: scalars: aq1 = −aq2 = aq3 = −aq4 = −2
(
C5
Nc
+ C6
)
vectors: aq5 = −aq6 = −aq7 = aq8 =
(
C3
Nc
+ C4
)
− δquλu
λt
(
C1
Nc
+ C2
)
tensors: aq9 = a
q
10 = 0 , (21)
where a5−8 are the only ones which are non-degenerate in q and Nc = 3 denotes the number
of colours. The role of Ou1,2 in the SM is exceptional as there is no Od1,2 counterpart. It
corresponds to what we called UV isospin violation. In particular radiation from all quarks
in Fig. 1(left) contributes to the isospin asymmetry. Therefore the isospin asymmetry in
the SM is sensitive to three independent combinations of the four quark WCs C1−6. Note,
in the SM the effect is CKM suppressed in b→ s contrary to b→ d. In the latter case the
closeness of αCKM to ninety degrees leads to a suppression of the effect; to be discussed
and exploited in further sections.
9As we shall see shortly there are further selection rules e.g. parity at O(αs) and Lorentz covariance
to all orders for the K.
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Twist Operator OWAn
1 2 3 4 5 6 7 8 9 10
B → K
cov. (α0s) 7 7 7 7 7 7 7 7
χ-even (φK) 2 I,Fc
χ-odd (φP,σ) 3 I,F
cov. (αns , n > 0) 3 7 7 3 3 7 7 3 3 7
B → K∗
cov. (α0s) 7 7 7 7
χ-even (φ‖) 2 I I,Fc
χ-even (g
(v)
⊥ , g
(a)
⊥ ) 3 I I,Fc
χ-odd (φ⊥) 2 F F I I
χ-odd (h
(t)
‖ , h
(s)
‖ ) 3 F I
cov. (αns , n > 0) 3 3 3 3 3 3 3 3 3 3
Table 1: Operators contributing to WA. The acronyms t. and cov. stand for twist and for
covariance respectively and χ-odd/even for odd/even chirality. Furthermore: a) (I,F) radiation
from inital (I) and or final (F) state; (Fc) corresponds solely to a (local) contact term contribution
from final state radiation. The latter are then necessarily to all orders in the twist expansion. b)
(3) contribution expected in initial and final state c) (7) no contribution due to parity invariance
of strong interactions in the factorisation approximation O(α0s) d) (7) no contribution, in any
order of αs and twist, as chirality necessitates a Levi-Civita tensor structure for which there are
not enough independent vectors for contraction (relevant for pseudscalar final state). We should
also note that g
(v,a)
⊥ and h
(s,t)
‖ are related to φ⊥ an φ‖ by Wandzura-Wilczek type relations [28]. At
our level of approximation, mq = 0 and no 3-particle DA, this corresponds to Eqs.(4.15/16) and
(3.21/22)[28] respectively. See also appendix B.1 for further comments. This means that when
g
(v,a)
⊥ and h
(s,t)
‖ are computed φ‖ and φ⊥ are needed to render the computation gauge invariant
at the relevant O(mV )-level. Thus for (I,Fc), contrary to (F) itself, it is not possible to properly
distinguish between twist 2 and 3 which is reflected in the table.
3.2 WA at leading order O(α0s)
The WA matrix element with uncontracted photon polarisation tensor (q)ρ reads
A∗ρ|WA = 〈Xγ∗(ρ)|q¯Γ1b s¯Γ2q|B〉|WA
= 〈X|s¯Γ2q|0〉〈γ∗(ρ)|q¯Γ1b|B〉︸ ︷︷ ︸
initial state radiation (ISR)
+ 〈Xγ∗(ρ)|s¯Γ2q|0〉〈0|q¯Γ1b|B〉︸ ︷︷ ︸
final state radiation (FSR)
+O(αs) . (22)
We shall call the first and second term initial (ISR) and final state radiation (FSR) re-
spectively. The computation of these two contributions is performed, as previously stated,
using LCSR and further details are deferred to section 3.3. The computation is valid as long
as q2 is away from partonic and hadronic thresholds. This means that the ρ, ω-resonance
region has to be treated with care and that the computation is valid say 1-2 GeV2 below the
J/Ψ-resonance region. For B → V γ (partial) effects of the ρ, ω-mesons are included into
the photon DA [6, 5, 29]. For q2 > 1 GeV2 the corresponding leading twist effects effects
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M(a) Perturbative photon contributions.
〈q¯q〉
M
(b) OPE quark condensate contribution.
Figure 2: Weak annihilation Feynman diagrams for B →Ml+l−. The zigzag line is the B-meson
current insertion. Crosses mark possible photon insertions, although the contribution from the
insertion at the dashed cross is zero.
are included in the quark condensate contributions and appear as 〈q¯q〉 /q2 in the results.
We refrain from using our computations between 0 and 1 GeV2. A salient feature due to
the resonance region is the appearance of an imaginary part. In the partonic computation
this results from the photon emitted from the light valence quark of the B-meson corre-
sponding to the cross in the lower left of Fig.2a. In the hadronic picture this corresponds to
the emission of ρ, ω, ..-mesons and conversion into the photon; the analogous O8-case can
be found in reference [7] figure 4(left). In Fig. 3 we plot the W (q2)T (12) matrix element
for a8-contribution (with a8 = a
u
8 = a
d
8), which illustrates the point made above.
We restrict ourselves to leading twist-2 and twist-3 DAs c.f. appendix B.1. We neglect
3-particle DAs and quark mass corrections and thus the twist-3 2-particle DAs for the K∗
may be written in terms of the twist-2 DAs via the so-called Wandzura-Wilczek relations
[28]. We include the first two moments in the Gegenbauer expansion and thus have a total
of four input parameters to the K∗ in addition to the decay constants. The K DAs φP
and φσ are also related [18], but here we use the asymptotic forms for reasons discussed in
appendix B.
In Tab. 1 the selection rules for the operators are depicted. It is apparent that selection
rules are at work. We refer the reader to section 5.1.2 where the WA selection rules in the
factorisation, c.f. Eq. (22) approximation are discussed in some detail.
At this point, we wish to briefly discuss the issue of gauge invariance (GI) in the
factorisation approximation (22). At the level of the amplitude (22) electromagnetic GI,
that is invariance under ∗(q)µ → ∗(q)µ + qµ, implies:
qρA∗ρ|WA= 0 . (23)
When the mesons are neutral this equation is satisfied for ISR and FSR separately. When
the mesons are charged the two terms cancel each other when they are treated at the same
level of approximation. From Tab. 1 we infer that for the K and K∗ this is the case for
O4,8 and O5,6 respectively. For the current-current operators O5−8 the final state radiation
is, by virtue of the (axial)vector WI, equal to a contact term. This was implicitly used
in [6, 5] and analysed in more clarity and detail in [30]. In the case O4 for the K there
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Figure 3: WA contribution to B → Kll for from the OWA8 operator (19) as defined implicitly in
(12). The imaginary part originates from the emission of ρ, ω, ..-meson and conversion into the
photon, which is analogous to the O8 contribution c.f. Fig 4(right)[7].
is ISR and FSR and no Ward identity (WI) at hand which complicates the issue. More
precisely this necessitates the same approximation scheme be used for both ISR and FSR
as discussed and illustrated at length in appendix D.1.
3.3 Light cone sum rules
We calculate initial state terms using the technique known as light cone sum rules [31,
32] which originates from QCD sum rules [33, 34] and the light-cone operator product
expansion (LC-OPE). We extract the matrix elements required in (22) from the correlation
function
Π(q2, p2B) = i
∫
d4xe−ipB ·x〈γ∗(q)M(p)|T{JB(x)O(0)}|0〉 , (24)
where
JB = imbb¯γ5q, 〈B¯|JB(0)|0〉 = m2BfB , (25)
is the interpolating current for the B-meson. By application of Cauchy’s theorem we can
express this matrix element as
Π(q2, p2B) =
m2BfB
m2B − p2B
〈γ∗(q)M(p)|O(0)|B(pB)〉+ 1
2pii
∮
ΓNP
ds
s− p2B
Π(q2, s) , (26)
where the integration contour ΓNP separates the pole at p
2
B = m
2
B of the desired matrix
element 〈γ∗(q)M(p)|O(0)|B(pB)〉 from all other poles and branch cuts. The matrix element
in (24) may also be calculated within the LC-OPE, and after applying Cauchy’s theorem
to the LC-OPE result we get that, at large spacelike p2B:
Π(q2, p2B) =
1
2pii
∮
Γ
ds
s− p2B
ΠLC−OPE(q2, s) , (27)
where the contour Γ encloses all poles and branch cuts of this function. The sum rule is
obtained by equating the two representations (26) and (27) and making the approximation,
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known as semi-global quark-hadron duality, Π(q2, s) = ΠLC−OPE(q2, s) under the integral
in (26). A Borel transformation is also applied to reduce the sensitivity to the duality
threshold, which in this case only requires the relation
Bp2B→M2
[
1
x− p2B
]
=
e−x/M
2
M2
, (28)
yielding the final form of the sum rule
〈γ∗(q)M(p)|O(0)|B(pB)〉 = 1
fBm2B
1
2pii
∫
Γ\ΓNP
ds exp
(
m2B − s
M2
)
ΠP (q
2, s)
≡ 1
fBm2B
∫ s0
cut
ds exp
(
m2B − s
M2
)
ρ(q2, s) ,
(29)
where Γ\ΓNP is the difference between the integration contours in (26) and (27). The
resulting contour will lie along either side of the real line and thus the final sum rule may
be expressed in terms of an integral over the density function ρ on the real line from the
lowest perturbative state mass (m2b here) to the duality threshold s0. In the full theory the
lowest lying multi-particle state coupling to the current JB occurs at (mB + 2mpi)
2, and
s0 is an effective parameter which is adjusted so that the continuum contribution matches
that of QCD. In practice this means that one expects ∼ (mB + 2mpi)2 ' 30.9 GeV2 < s0 <
(mB +mρ)
2 ' 36.6 GeV2 with s0 somewhat closer to the upper boundary as the other case
is αs suppressed.
3.4 WA results
Due to our choice of basis for the four quark operators, it is convenient to present our
results for the K∗ in the following linear combinations, which is basically the helicity basis,
W qV (q
2) = W q1 (q
2) =
1√
2
(W−(q2) +W+(q2)) ,
W qA(q
2) = cW q2 (q
2) =
1√
2
(W−(q2)−W+(q2)) ,
W q0 (q
2) = aW q2 (q
2) + bW q3 (q
2) , (30)
where V and A are the PC and PV transverse decay modes, and the constants a, b, c are
defined in (5,6). The matrix elements W qι (q
2), with ι ∈ {T, V,A, 0}, are decomposed as
follows
W qι (q
2) =
10∑
j=1
aqj
[
F qj,ι(q
2) + Iqj,ι(q
2)
]
. (31)
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The functions I and F stand for ISR and FSR and are further parametrised as
Iqj,ι(q
2) =
1
fBm2B
(
〈q¯q〉 exp
(
m2B −m2b
M2WA
)
V qj,ι(q
2) +
∫ s0
m2b
ds exp
(
m2B − s
M2WA
)
ρqj,ι(q
2, s)
)
,
F qj,i(q
2) =f⊥K∗fB
(
mB
mb
)2 ∫ 1
0
f qj,i(q
2, u) du , (32)
for the K∗-meson with i ∈ {V,A, 0} and
F qj,T (q
2) =µ2Kf
wti
B
(
mB
mb
)2 ∫ 1
0
f qj,T (q
2, u) du , (33)
for the K-meson. We take the Borel parameter M2WA = 9(2) GeV to be the same for all
WA processes, although this is not strictly necessary since in principle the results should be
independent of it within a reasonable range, and a calculation involving higher twist and/or
αs corrections would usually extremise the result w.r.t. the Borel parameter. We take the
duality threshold as s0 = 35(1) GeV
2. The quoted uncertainty in the Borel parameter and
the duality threshold are the ranges over which we vary them to provide an estimate of the
error of the LCSR method. The use of fwtiB in F
q
j,T (q
2) arises because this is the only case
where both physical initial and final state radiation contribute, and thus we must choose
fwtiB as the sum rule approximation of fB which corresponds to our approximation of the
initial state radiation contribution in order to fulfil the Ward identity:
fwtiB =
m2b
fBm4B
[
3
8pi2
∫ s0
m2b
exp
(
m2B − s
M2WA
)
(s−m2b)2
s
ds−mb 〈q¯q〉 exp
(
m2B −m2b
M2WA
)]
. (34)
This procedure is discussed further in appendix D.1. The occurrence of fB in I
q
j,ι is evalu-
ated using the leading order sum rule including the 〈q¯q〉 and 〈q¯Gq〉 condensates [35]
(35)
(m2BfB)
2 = m2b exp
(
m2B −m2b
M2fB
)(
3
8pi2
∫ s0
m2b
exp
(
m2b − s
M2fB
)
(s−m2b)2
s
ds−mb 〈q¯q〉 µ
− mb
2M2fB
(
1− m
2
b
2M2fB
)
〈q¯Gq〉 µ
)
,
where M2fB = 5.0(5) GeV is used. Quark condensates are taken at µ = 1 GeV to be〈q¯q〉 = (−0.24(1) GeV)3 and 〈q¯Gq〉 = (0.8(1) GeV)2 〈q¯q〉 which are the same values as in
[7]. The occurrence of fB in F
q
j,i is taken from lattice data as fB = 191(5) MeV [36, 37].
Formulae for DAs of the external light mesons are given in appendix B.1. Formulae for all
functions appearing on the RHS of (33) are given in appendix F.3.
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〈q¯q〉
M
φγ
M−→
|q2| > 1GeV2 q2 = 0
Figure 4: Quark condensate contribution to be replaced by the photon DA contribution for
q2 = 0 case i.e. B → V γ. The important point to realise is that both diagrams are gauge variant
and produce, together with the other diagram in Fig. 2b(right) a fully gauge invariant result.
3.5 WA at q2 = 0 — photon DA replaces some 〈q¯q〉-contributions
The local OPE for q2 6= 0, used in diagrams like Fig. 4(left) for the light quark propagator
originating from the JB-current, results in terms like Qq 〈q¯q〉 /q2 c.f. (33) which cannot be
a good description at q2 = 0. The resolution to this apparent paradox is to replace the
this term by the photon DA10 as sketched in Fig. 4.
This type of computation has been completed in [6, 5] for the vector-current operators
OWA5−8. Our calculation, essentially, extends this to the complete four quark operator basis
(19). Aspects of GI and contact terms as well as a difference in the (Qb − Qq) 〈q¯q〉 con-
tribution with reference [6] are discussed in appendix D.1.3. We note that the latter are
small and have not been included in [5].
Our results are given, such that Iqj,i(q
2)→ Iqj,i|γ in (33),
Iqj,i|γ=
1
fBm2B
(
〈q¯q〉 exp
(
m2B −m2b
M2WA
)
V q,γj,i +
∫ s0
m2b
ds exp
(
m2B − s
M2WA
)
ρq,γj,i (s)
)
, (36)
where we re-use our result from q2 6= 0 for the density via
ρq,γj,i (s) = ρ
q
j,i(0, s) + 〈q¯q〉 ρ˜q,γj,i (s) , (37)
and V q,γj,i and ρ˜
q,γ
j,i (s) are given in appendix F.3.2.
4 Quark loop spectator scattering (QLSS)
The QLSS topology parallels the O8-contribution as can be seen from Fig. 1. We would
expect an LCSR computation of this contribution to include some long distance (LD)
10One might also pose the problem the other way around, starting from the photon DA at q2 = 0 and
asking how the latter is to be modified when q2 > 0. The primary effect can be covered by the quark
condensate contribution.
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MB
u, d, s,
c, b
Figure 5: Hard gluon scattering through a charm loop. Isospin symmetry violating photon
insertions are indicated by crosses. The segment in the dashed box is computed first without the
DAs attached to simplify the calculation.
contributions, in analogy with the O8 contribution (intermediate multiparticle states with
quantum numbers (s¯q)JP=0± c.f. Fig. 4(left) in [7]. On a computational level though
spectator scattering differs from the analogous O8-computation by the additional nested
quark loop which makes the computation rather involved; especially in view of the fact
that we further expect a non-trivial analytic structure including anomalous thresholds [7].
Thus the evaluation of this contribution with LCSR is beyond the scope of this paper.
We therefore resort to QCDF where it would seem that these LD contributions are, at
least at leading order in O(αs), absent. In QCDF QLSS has been computed previously for
the B → K∗l+l− [12] and for the B → K∗γ case in [9]. We extend these computations
by including a complete basis of four quark operators. Elements of GI are discussed in
appendix D.2.
4.1 Complete QLSS-basis of dimension 6 operators at O(αs)
We now turn to the discussion of the relevant operators contributing to QLSS. The vectorial
coupling of the gluon in Fig.5 imposes efficient selection rules such that only four out of
the ten operator types, as listed in Eq. (19), can contribute:
Q4f1L(R) ≡
1
4
f¯λaγµf s¯L(R)λ
aγµb , Q4f2L(R) ≡
1
4
f¯λaσµνf s¯L(R)λ
aσµνb . (38)
Quark flavours and colour matrices are arranged, differently from Eq. (19), in a way that
is convenient for the QLSS computation. Since we shall set the light quark masses to zero
the light flavour u, d, s are effectively degenerate and it proves economic to introduce the
SU(3)F singlet operator
Q
4SU(3)F
xL(R) ≡ (Q4uxL(R) +Q4dxL(R) +Q4sxL(R)) , x = 1, 2 . (39)
Finally, the relevant effective Hamiltionian for QLSS becomes,
HQLSS = −GF√
2
λt
∑
x,χ,f
sfxχQ
4f
xχ , x = 1, 2 , χ = L,R , f = SU(3)F , c, b , (40)
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with sfxχ being WCs. The somewhat baroque sum over the indices x, χ, f , which amounts
to twelve operators at this stage, will prove economic in the end. We would like to stress
that this basis in linearly independent, though not orthogonal, to the WA basis (19). This
is the case as in WA the flavour f is, modulo a few exceptions, fixed by the spectator
flavour and since in QLSS f is either c, b or the sum of light flavours linear independence
follows.
4.2 QLSS results
The computation of QLSS may be broken up into two stages: first, the intermediate process
shown in the dashed box of Fig. 5 is computed, and second, the results of this computation
are combined with the remainder of the diagram Fig. 5.
To start, the intermediate process can be written, by virtue of Lorentz-covariance, as
aµ = 〈sg(r, µ) |Heff | b〉 =
∑
i=L,R
[
Kµ1,iF1,i(r
2) +Kµ2,iF2,i(r
2)
]
, (41)
where r is the gluon momentum and µ is the gluon polarisation index. The two tensor
structures
Kµ1,(L,R) =
rµ/r − r2γµ
r2
PL,R , K
µ
2,(L,R) =
rµ − /rγµ
r2
PL,R , (42)
are the only ones allowed by gauge invariance r · a = 0.
In our parametrisation (40), the functions Fx,χ are given by
Fx,χ = s
SU(3)
x,χ Hx(s, 0) + s
c
x,χHx(s,mc) + s
b
x,χHx(s, b) , (43)
and it is clear that F2 ∼ mf , where f is the flavour of the quark running in the loop,
by virtue of dimensional analysis. This means that s
SU(3)
2L(R) is heavily suppressed and not
present in our approximation where we set the light quark masses to zero and so only ten
of the twelve operators in (40) effectively contribute. The functions Hx result from loop
integrals for the vector and tensor currents and are given by
H1(s,m) = − 1
96pi2
[9h(s,m) + 4] ,
H2(s,m) = − m
4pi2
B0(s,m
2,m2) , (44)
where the function h(s,mq) is the vacuum polarisation (this form from [12]), with z ≡ 4m
2
q
s
,
h(s,mq) = −4
9
(
log
m2q
µ2
− 2
3
− z
)
− 4
9
(2 + z)
√
|z − 1|

arctan
1√
z − 1 z > 1
log
1 +
√
1− z√
z
− ipi
2
z ≤ 1
B0(s,m
2
q,m
2
q) = 2− log
m2q
µ2
+ 2
9
4
h(s,mq) + log
m2q
µ2
− 2
3
− z
2 + z
, (45)
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which can be found in any standard textbook on quantum field theory.
Before quoting the full result let us detail a few points of the computation. The B-meson
DA used is [38, 39]
〈0 | q¯α(x)[x, 0]bβ(0) |B〉 = −ifBmB
4
∫ ∞
0
dl+e
−il+x−/2
[
1 + /v
2
{
φ+(l+)/n+ + φ−(l+)/n−
}
γ5
]
βα
(46)
Definitions of the vectors and various terms involved along with a more complete version
of this formula are given in appendix B.3, however this version of the formula contains all
terms involved in our computation of the diagram in Fig. 5.
To this end let us mention that corrections ofO(q2/m2B) which come from neglecting the
l−-direction of the light quark in the B-meson DA and aspects of the B-meson DA including
the transverse derivative are discussed in appendix B.3.1. Since we have restricted ourselves
to q2 < 4m2c , using the B-meson light-cone DA (46) seems reasonable. A more interesting
question is to what extent the shape of the q2-distribution is accurate or trustworthy.
We write the results directly in the helicity basis, S±,0, whose transformation to the
T1,2,3 basis is given in (5), for the K∗-meson:
Sq−(q
2) =
√
2Qq
CF
Nc
16pi3αsfBmB
mb
∫ 1
0
du
(
F1,L(u¯m
2
B + uq
2)− 1
mB
F2,R(u¯m
2
B + uq
2)
)
×
[
f⊥K∗φ⊥(u)
u¯m2B + uq
2
− fK∗mK∗
2λ+(q2)(m2B − q2)
(
g
(v)
⊥ (u)−
g
(a)′
⊥ (u)
4
)]
− F2,R(u¯m
2
B + uq
2)
mB
[
f⊥K∗φ⊥(u)u(m
2
B − q2)
2(u¯m2B + uq
2)2
− fK∗mK∗
2λ+(q2)(m2B − q2)
g
(a)
⊥ (u)
4u¯
]
,
(47)
Sq+(q
2) = (L↔ R) , (48)
d · Sq,V0 (q2) = −Qq
CF
Nc
32pi3αsfBmB
mb
fK∗mK∗
λ−(q2)(m2B − q2)
∫ 1
0
du φ‖(u)
×
[
F1,A(u¯m
2
B + uq
2) +
mB
u¯(m2B − q2)
F2,A(u¯m
2
B + uq
2)
]
,
(49)
with d ≡ −
√
2mBmV√
q2E
. For the K-meson we get
SqT (q
2) =−QqCF
Nc
(mB +mK)16pi
3αsfBfK
mBmbλ−(q2)
∫ 1
0
du φK(u)
×
[
F1,V (u¯m
2
B + uq
2)− mB
u¯(m2B − q2)
F2,V (u¯m
2
B + uq
2)
]
,
(50)
where we have used F1,V (A)(s) ≡ F1,R(s) ± F1,L(s) for the sake of compact notation. At
this point we would like to specify some details of the computation. There are two types
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of terms that appear:
X1 =
∫ ∞
0
dl+φ±(l+)H1(l+) , (51)
X2 =
∫ ∞
0
dl+φ±(l+)
H2(l+)
l+ − q2/mB − i , (52)
where the kernels H(l+) are smooth and the denominator in the second term originates
from a propagator which in turn cancels for the type one term. The following recipe is
applied:
X1 →
(∫ ∞
0
dl+φ±(l+)
)
H1(0) = constant ·H1(0) , (53)
X2 →
(∫ ∞
0
dl+
φ±(l+)
l+ − q2/mB − i
)
H2(l¯+) =
H2(l¯+)
λ±(q2)
, (54)
where l¯+ ≡ q2/mB, 1/λ±(q2) is further detailed in appendix B.3. The term in (47) propor-
tional to φ⊥(u) is of the first type and all others are of the second type as can be seen in
Eqs. (47-50). The equation (47) disagrees with [12, eq. (24)] by a factor of 2 in the g
(v,a)
⊥
term but agrees with the result in [9] in the limit q2 → 0. The definitions of the B-meson
moment functions λ±(q2) and the K and K∗ DA functions are given in appendix B.1. An
important remark is that the Wandzura-Wilczek type equations of motions (ms = 0) (B.5)
for the K∗ have been used.
We note that we have included the K∗ DAs φ‖, φ⊥ and g
(v,a)
⊥ . In light of Tab. 1 it might
seem that we should have also included h
(s,t)
‖ , however here we are considering the leading
1/mB term, so it is the g
(v,a)
⊥ term which requires justification. It is included because the
φ⊥ coefficient does not contain a 1/λ± factor as it might, and therefore occurs at the same
power of 1/mB as g
(v,a)
⊥ . Since the φ‖ term comes with a 1/λ± factor, an h
(s,t)
‖ term would
be O(1/mB) suppressed so we neglect it.
It should be noted that there is an endpoint (infrared) divergence proportional to
F2,(R,L)(0) in S±(q2 → 0) arising from the u¯ → 0 integration region which is of the same
type as O8. There are three ways to deal with it: a) only use it for q2 > 0 in which
case an IR sensitivity remains; b) employ the cut-off model [9, 12], or c) perform a local
subtraction to render the QCDF result finite and then use the IR finite result from LCSR
[7] to compensate. We choose option (c). To get an infrared finite result we write
F2,i(r
2) = [F2,i(0)]LCSR +
[
F2,i(r
2)− F2,i(0)
]
QCDF
, (55)
where the contribution of each term in square brackets to B → K(∗)ll is computed as
indicated in the subscript. The LCSR term is therefore a local operator and the O8 result
[7] applies, and the QCDF term vanishes for r2 → 0 restoring IR finiteness of (47) at q2 = 0.
The slightly inconsistent feature is that the LCSR computation contains LD contributions
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which are not present at this level of approximation in QCDF as explained at the very
beginning of this section.
At last we wish to add some remarks about imaginary parts. In the partonic picture
the charm quark can go on-shell, whose importance has been emphasised in [40], as is
visible from the formulae. Fortunately the momentum that enters the charm loop depends
on the momentum fraction of the light meson as u¯m2B +uq
2 and is sufficiently smeared out
that a partonic description seems tolerable. Conversely the interpretation of such effects
in the real hadronic world would be a DD¯-thresholds for which is, compared to a single
resonance, sufficiently tame to be described by partons within our quoted uncertainties.
4.3 Projection on SM-basis (QLSS in the SM)
In the SM using na¨ıve dimensional regularisation we have [12]
SM: F1,L(s) =
3
32pi2
[
h(s,mc)
(
−λc
λt
C2 + C4 + C6
)
+ h(s,mb)(C3 + C4 + C6) ,
+ h(s, 0)
(
−λu
λt
C2 + C3 + 3C4 + 3C6
)
− 8
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(C3 − C5 − 15C6)
]
,
F1,R(s) = 0 , (56)
F2,R(s) =
mb
8pi2
(Ceff8 − C8) ,
F2,L(s) =
ms
8pi2
(Ceff8 − C8)→ 0 +O(ms) . (57)
The MFV-symmetry of the SM implies that F1,R = 0. The operators Q
4f
2χ are not present
in the SM in d = 4 but give contributions in the spirit of evanescent operators in naive
dimensional regularisation. They render the effective WC Ceff8 scheme independent [41, 42].
It is worth pointing out that in the SM the charm loop dominates as it originates from Oc2
which is proportional to a large WC C2 ≈ 1 and is not CKM suppressed. All other WCs
are small as can be seen in Tab. 8.
5 Isospin asymmetries B → K(∗)γ/ll
We shall first make a few generic remarks on selection rules and related issues in subsection
5.1, reflect on the q2-behaviour from various viewpoints in subsection 5.2 and then discuss
the isospin asymmetries of B → K(∗) in the SM in section 5.3. Discussion of isospin
asymmetry beyond the SM is deferred to section 7.
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5.1 Generic remarks on selection rules
In total there are 32 operators potentially contributing to the isospin asymmetry at the
level of O(αs)-correction we are considering. Schematically they decompose as follows:
32 = 2O(′)8 (2)
+ 20WA(19) + 10QLSS(38) , (58)
where the prime denotes V+A chirality as previously defined. We note that OSU(3)2L(R) gives
no contribution in the limit of all light quark masses set to zero since it is proportional to
mf as pointed out in section 4.2. The number 32 will be reduced further for the K and
K∗ below.
We shall discuss below general selection rules for the K in subsection 5.1.1 before
discussing more specific selection rules for WA in the factorisation approximation in sub-
section 5.1.2 and then comment on the (non)-relation between the K and K∗‖ -amplitude
in subsection 5.1.3.
5.1.1 Parity & angular momentum selection rule for K
For the K there is a parity selection rule. We note that
B[0−]→ K[0−](γ∗[1−]→ l+l−[1−]) ⇒ p-wave; i.e. l = 1 , (59)
where [JP ] denotes total angular momentum and parity respectively and l is the spatial an-
gular momentum of the decay product. Thus the (left hand side) LHS and (right hand side)
RHS of the decay have odd parity and the decay is therefore induced by parity conserv-
ing (PC) operators. This means that operators of the type s¯ · · · γ5q q¯ · · · b, s¯ · · · qq¯ · · · γ5b,
where · · · stand for strings of γ-matrices not including γ5, do not contribute. This reduces
the number of operators for the K (by a factor of two) down to 1O8 and 5QLSS using the
notation of Eq. (58). It seems worthwhile to emphasize that the selection rules are generic.
In the next subsection we are going to discuss WA in the factorisation approximation (22)
for which there are additional selection rules.
5.1.2 WA selection rules in the factorisation approximation
In the factorisation approximation, automatic at O(α0s) we are considering for WA, there
are more stringent selection rules. They come from the fact that the Dirac traces of the
B-meson and the K∗-meson close separately, and so γ5-matrices cannot be commuted from
one end to the other. Selection rules arising due this effect derive from the matrix element
which does not emit the photon, i.e. the initial state in a FSR diagram and vice-versa. We
call the matrix element imposing the selection rule the local matrix element (LME) since
it is the matrix element of an external state coupling to a local operator.
The OWA9,10 operators must be considered separately: in the case of the K they do not
contribute in the factorisation approximation since the LME will be a pseudoscalar coupling
to an antisymmetric tensor operator and no such tensor can be formed from a single vector.
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C
(′)
8 WA Eq.(19) QLSS Eq.(19) total
K∗ 2[1] 12[3] aq2,4,5,6,9,10 10[3] all no i=2,f=SU(3) 24[7]
K 1[1] 4[3] aq4,8 5[3] idem no χ = A 10[7]
Table 2: Operators contributing to isospin in B → K(∗)ll. In square brackets we denote the
number of operators that are present in the SM for the respective channel. In this counting we
neglect C ′8 as C ′8/C8 ' ms/mb.
On the other hand in the case of the K∗ both operators contribute since an antisymmetric
tensor p[µην] is available and by µνρσσρσ = 2iσ
µνγ5 the two different parities are trivially
related. For OWA1...8, the LME will impose a selection rule since the external state will only
couple to a local scalar or vector operator of the correct parity. This reduces the number
of applicable operators by a factor of 2. If this is further combined with the global parity
constraint for the K case so for B → Kll only 2 of the 8 operators remain.
Combining these rules we expect 8/2+2 = 6 and 8/2/2+0 = 2 operators to contribute
to WA in the factorisation approximation for the K∗ and the K-respectively. This is indeed
the case as the reader may verify from Tab. 1 or Tab. 2. With respect to the latter table
note that we have not taken into account the degeneracy in q = u, d in the previous wording
and this is why the numbers are 12 and 4 rather than 6 and 2.
5.1.3 On the (non)-relation between K∗‖ and K
There is some conventional wisdom, throughout the literature, that the longitudinal po-
larisation of the K∗ corresponds to that of the K. We shall argue that this is true in the
SM at leading twist and falls apart thereafter.
The main points follow from the fact the the longitudinal polarisation can be decom-
posed as follows:
η(0)µ ≡ ηµ‖ =
pµ
mK∗
+ (qµO(mK∗) + pµO(mK∗)) . (60)
Thus at leading twist, m2K∗ = 0, we see that η
µ
‖ and p
µ play the same roˆle. Since the
former is a pseudo-vector and the latter is a vector we also see that they couple to opposite
parity: K only couples to PC operators, as pointed out in subsection 5.1.1, and K∗‖ only
couples to PV operators. Due to the V -A-interactions in the SM there is a link between
the corresponding WCs and this makes it clear that the statement at the beginning of this
subsection is true.
On the other hand it is then also clear that the presence of right-handed currents,
i.e. V+A-interactions, invalidates the statement. Furthermore the O(mK∗)-corrections,
by virtue of (60), are going to bring in new structures as well and we can therefore not
expect the correspondence to hold at twist 4. Examples:
• Isospin asymmetry plots K versus K∗‖ (Fig. 6): We notice that the K and K∗‖ are
correlated since the SM, due to the V -A-interactions, satisfy the conditions discussed
24
above. The differences, which is essentially a shift of the shape, are due to sizeable
next-leading twist effects.
• Working example at leading twist: From the formulae in appendix F.3 one infers
that the parity related OWA6 and O
WA
8 contributions are (indeed) proportional to
each other (a6(K
∗
‖) ∼ a8(K)).
• Non-working example at non-leading twist: From Tab. 1 we infer that OWA4 couples
to ISR for the K but the corresponding PV operator OWA2 does not for the K
∗.
The latter point deserves some further explanation. Should there be an extension of the
correspondence from φp,σ to K
∗-amplitudes then it would be through the same chirality
DA and necessarily involve the chiral-odd DA φ⊥ and h
(s,t)
‖ in Tab.1. That this cannot hold
can also be seen as follows: the chiral-odd K∗ 2-particle DAs included in our calculation
have independent coefficients to the chiral-even ones. In the case of the K this is not so:
the chiral-odd DAs are fully constrained by equations of motion and arise from finite quark
masses, 3-particle and higher twist DAs and chiral symmetry breaking, the last of which
is the only effect we include.
5.1.4 Implications of selection rules on twist-expansion hierarchy
In practice selection rules such as the ones depicted in Tab. 1 enforce a rethinking of the
matters of the twist expansion. More precisely we mean that if a large WC does not
contribute at leading twist but say only at next leading twist then it does not seem wise
to truncate at leading twist. Thus in practice this implies that one should expand to the
twist order such that all sizeable WC, allowed by the fundamental selection rules such as
the ones quoted in section 5.1.1, contribute to the amplitude.
The K shall serve as an explicit example. For the latter we see that at leading and next
leading twist aq8 and a
q
4 contribute which correspond to (C3/Nc +C4) and (C5/Nc +C6) in
the SM (21). From the size of the WC 8, we infer that the latter could be of importance
especially in view of the fact that the next leading twist DA φp,σ is known to be chirally
enhanced which can be inferred from its normalisation (B.1). The reader is referred to
Figs. 6,8 to convince him or herself of this fact.
5.2 Generic remarks on q2-dependence
Below we add a few generic remarks on the q2-dependence ranging from the validity the
LCSR up to pointing out the dominant contributions. The latter are particularly useful
for understanding the isospin asymmetries within and beyond the SM.
• Physical spectrum and approximation ranges: the physical spectrum of the decays
ranges from 4m2l < q
2 < (mB −m(∗)K )2 = 22.9(19.3) GeV2. In this work we compute
the isospin asymmetries at low q2 (large recoil) where the LCSR (WA and O8) and
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QCDF (QLSS) results are naturally trustworthy. We restrict ourselves to the inter-
val of [1, 8] GeV2 whose boundary is limited by the nearby ω, ρ, ρ′ resonances from
below and the charmonium resonances, commencing at q2 = m2J/Ψ ' (3.1GeV )2 '
9.6 GeV2, from above. While it is plausible to assess effects of the latter close to
these regions we consider it too difficult to asses them locally and thus refrain from
doing so.
• Isospin asymmetry in B → K∗ll decreases for high q2: to understand the possible
size of isospin asymmetry for a given WC as a function of q2 it is helpful to look at
the WCs C9,10 and note that:
a) They are large as compared to the other WC (c.f.Tab.8), partially as a result of
a 1/sin θ2W ' 4 enhancement, where θW is the Glashow-Weinberg angle.
b) We may write the leading terms in the B →Mll decay rate as:
hT ∼ [Ceff9,10O(1) + Ceff7 O(1)] ,
h0 ∼
√
q2[Ceff9,10O(1) + Ceff7 O(1)] ,
h± ∼ [Ceff9,10O(q2/m2B) + Ceff7 O(1)] , (61)
This behaviour can be inferred from Eqs. (5,13,11). Another way to look at
it is to realise that C9,10 should never be sensitive to 1/q
2 in front of the rate
as they are not generated by an intermediate photon but through intermediate
Z-bosons and box diagrams.
We therefore see that at low q2 in B → K∗ll isospin violating terms only compete
against Ceff7 , but at high q
2 they must compete with the much larger C9,10 and hence
the asymmetry decreases for large q2. In B → Kll no such argument applies as in
hT C
eff
7 and C9,10 are on equal footing.
• High q2 ≤ (mB −m(∗)K )2 region: In this paper we have not assessed the isospin asym-
metry at high q2, that is low recoil, per se. We shall discuss it from two viewpoints
which fortunately lead to the same conclusion, namely that the isospin violating ef-
fects get smaller for large q2; that is to say the short-distance form factor contribution
with small isospin effects are dominant.
– Form factor contributions (FFCs) in the high-q2 region. In that region the
C7,9,10-FFC are expected to be enhanced by the presence of the nearby res-
onance at q2 = m2B∗s , which can for be seen from the plots and form factor
parametrisations in [17] whereas no such enhancement is present in the isospin
violating (IVQE) terms11. Let us add that IVQE terms, arising from intermedi-
ate off-shell photons, will be enhanced by light resonances at q2 = m2ρ,m
2
ω, . . . ,
11This statement is only corrected by UV isospin violating effects in WA at O(αs).
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as can be seen for example in Fig. 3, and also by a heavy resonance Υ(b¯b). Thus
in summary the isospin asymmetry is expected to be suppressed both by small
WCs and competing with a resonant isospin-symmetric term, and thus should
be very small at high q2.
– Low recoil-OPE: Some time ago an OPE in q2 and m2b was proposed [43] for the
low recoil region, which was implemented into phenomenology [44] and reinves-
tigated from a theoretical viewpoint in [45]. In this language the FFC come as
dimension three matrix elements and IVQE originate from higher dimensional
operators (dimension 6 for WA and dimension 5 for QLSS and O8) and are
therefore naturally small.
5.3 Isospin asymmetries B → K(∗)γ/ll in the SM
The plots of the B → K(∗)ll isospin asymmetries are given in Fig. 6, including a plot of
the longitudinal part (zero helicity) of the K∗ DA (c.f. section 5.1.3 for comments), and
the values are tabulated in Tab. 10 (appendix F.1). Important aspects on which operators
or WC contribute were discussed in the previous subsection. The feature that is obvious
is that the isospin asymmetry is small on the scale of −100% to 100% for B → K(∗)ll
for q2 > 1 GeV2; specifically below the 2% level. Qualitatively they agree with previous
determination e.g. B → K∗ll [12] and B → Kll [13]12. A few qualitative remarks on the
size of the contributions can be found in the caption. Generically the asymmetries are
dominated by WA which can also be inferred indirectly from Fig. 8 in the next subsection.
Let us quote here the world average of the B → K∗γ isospin asymmetry from the Heavy
Flavour Averaging Group (HFAG) [4]
a¯I(K
∗γ)HFAG = 5.2(2.6)% , a¯I(K∗γ)LZ = 4.9(2.6)% . (62)
which compared with our value turns out to be really close. Our value is also close to
values previously found by [9, 12, 10]. The calculation of the theoretical uncertainty is
detailed in appendix E.2. To what extent this constrains the dimension six operators and
therefore B → K(∗)ll is discussed in section 7.1.
Let us briefly discuss the three contributions in Fig. 1 considered in this paper.
• WA: The SM contributions [aqi ]SM (21) are given in term of the Ci in Eq. (21). For
WA one has to distinguish between q¯bs¯q operators (omitting the Lorentz indices) as
generated from tree and penguin processes. When originating from penguin processes
O3−6, an equal amount of q = u, d is generated and the process is dominated by the
top quark penguin which results in λt ∼ λ2 CKM prefactor. The q = u case also
12We differ from these references in that we compute WA and O8 in LCSR which includes LD con-
tributions as argued at the beginning of section 4.2. Moreover we include twist-3 contributions for WA
for the reasons mentioned in section 5.1.4. The QLSS contributions are effectively treated in the same
way. Whereas their result is small it differs from ours quantitatively which is explained by the differences
mentioned above.
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b→ s(d) WA QLSS O8
OX WC CKM M.E. CKM M.E. CKM M.E.
O1,2 tree λu ∼ λ4(λ3) tree λc ∼ λ2(λ3) loop - -
O3−6 penguin λt ∼ λ2(λ3) tree λt ∼ λ2(λ3) loop - -
O8 penguin - - - - λt ∼ λ2(λ3) loop
O7 penguin not isospin sensitive & dominates low q2
O9,10 penguin/box not isospin sensitive & dominates high q2
Table 3: SM operators contributing to the isospin asymmetry O1−6,8 and operators not con-
tributing to the asymmetry O7,9,10. This table summarises the discussion in section 5.3. WC
denotes whether the operator is generated by a tree or penguin process. CKM denotes the CKM-
suppression and λ ' 0.22 stands for the Wolfenstein parameter. In anticipation of B → ρll we
have indicated the CKM hierarchy for b → d in parenthesis. M.E. denotes whether the matrix
element is a tree or loop level process.
has a tree contribution Ou1,2 which is then proportional to λu ∼ λ4. Thus a priori
it seems difficult to judge whether the loop suppression or the CKM-suppression is
more effective13. Inspecting Fig. 6 and taking into account that WA is the leading
effect we see that the answer depends on q2 and the Dirac structure: C6 dominates
the isospin asymmetry for B → K∗ll but for B → Kll the C2,4 contributions are of
similar magnitude to C6.
• QLSS: QLSS is dominated by the charm loop as the latter originates from the tree
operators Oc1,2. Whereas this contribution is not CKM suppressed λc ∼ λ2 it is of
course loop suppressed.
• O8: The chromomagnetic O8-contribution has been discussed in a separate paper
[7]. For the B → K(∗)-transition the matrix element is found it to be rather small;
as compared to the QCD penguin form factors T1(0). The total and isospin violating
parts were found to be in the 6% and 2%-range, as compared to T1(0), respectively.
An interesting aspect is the large strong phase attributed to LD contributions. The
phase is of importance for CP-violation in new physics searches in D → V γ [46], but
not for CP-averaged isospin as the latter is only sensitive to the real part of strong
phases; at least in the linear approximation c.f. (18). Furthermore we should point
out that we neglect the O′8 contribution in the SM, as C ′8/C8 ' ms/mb by virtue of
the MFV-symmetry.
Some of the points discussed above and in the previous subsection are summarised in
Tab. 3.
13For D → V γ and decays such as D+s → ρ+γ there is no CKM suppression at all and since all other
subprocesses are small, WA dominates these decays as we have argued in [46] in appendix A.
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Figure 6: (left(right),first row) Isospin asymmetry for B → K(∗)ll with green error bands.
(left(right),second row) Isospin asymmetry for B → K∗‖ ll for the longitudinal (0-helicity L and ‖
mean the same in this context!) part of K∗-meson denoted by subscript L as well as the three
previous graphs shown on one plot. Comments are deferred to the text. (left(right),third and
fourth row) Contribution of different SM operators to the isospin asymmetry in B → K(∗)ll.
The bottom ones are the sizeable contributions. The dominance of [C6 + (C5/3)] has been found
previously. Its decrease is due to the relevant operators OWA1−4 entering at subleading twist in the
longitudinal part which is dominant at high q2. See appendix E.2 for details of the calculation of
the green error bands.
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6 Isospin asymmetries in B → ργ/ll
B → ρ (b → d) decays14 differ from B → K∗ (b → s) decays in two important respects:
1) WCs of the operators O1,2 are not CKM suppressed (c.f. Tab. 3) and 2) B0 → ρ0, by
virtue of ρ0 ∼ (u¯u− d¯d), contains additional diagrams with different arrangements of the
four quark operators, and as a consequence also couples to colour octet operators (octet
w.r.t. the basis (19)). We shall see shortly that the first point is effectively irrelevant as
the relevant CKM angle αCKM = 89(4)
◦ [21] chooses to be close to Pythagorian perfection.
More precisely the O1,2-contribution in the SM comes with CKM-prefactor
λbdu
λbdt
= −
∣∣∣∣λbduλbdt
∣∣∣∣ e−iαCKM , (63)
where λbdi ≡ V ∗idVib, in close analogy to λ ≡ λbsi ≡ V ∗idVib used previously. Since the CP-
averaged isospin asymmetry is sensitive to the real part, giving cosαCKM = 0.02(7), the
relatively large magnitude of λbdu /λ
bd
t is overruled and thus the overall contribution from
O1,2 is very small. Essentially there is then no interference of the O1,2|WA with the leading
contributions. This is why the non-CP averaged isospin asymmetry leads to rather different
results (already in the SM c.f. section 6.3).
6.1 Extending the effective Hamiltonian for B0 → ρ0γ/ll
For the B0 → ρ0γ/ll decay (ρ0 ∼ u¯u− d¯d), the basis (19) has to be extended to include
OWAi = q¯Γ1b d¯Γ2q =⇒ OWA,8i =
1
4
q¯λaΓ1b d¯λ
aΓ2q , (64)
so that for example OWA,81 =
1
4
q¯λab d¯λaq, and we modify the effective Hamiltonian (20) to:
HWA,q = −GF√
2
λt
10∑
i=i
[
aqiO
WA
i + a
8q
i O
WA,8
i
]
. (65)
In spite of all these operators being present, the basic situation presented in Tab. 1 has not
changed: our calculation only picks up 6 linearly independent combinations of WCs in the
B0 → ρ0γ/ll case. We therefore choose to present the isospin asymmetry for the ρ-meson
in the following schematic way:
ρ± ↔ aui , ρ0 ↔ a˜di = cdi adi + c8di a8di + c8ui a8ui (66)
with cxi given in appendix F.2.
14In this work we refrain from including the isospin asymmetry B → pill. B+ → pi+ll, but not the
neutral mode, has only been observed recently by the LHCb collaboration [47]. Another logical extension
would be to consider a ρ-ω asymmetry as in [10]. We refrain from doing so mainly because the latter
suffers from a large theoretical uncertainty in the actual difference, not to be confused with the separate
values, of the ρ and ω form factors. This situation could be improved considerably through a dedicated
study of the respective ratio of decay constants; both transversal and longitudinal.
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6.2 Isospin asymmetries in B → ργ/ll in the SM
The SM values of the new colour octet coefficients are:
a8q1 = −a8q2 = a8q3 = −a8q4 = −4C5 .
a8q5 = −a8q6 = −a8q7 = a8q8 = 2C3 − 2δqu
λu
λt
C1 , (67)
a8q9 = a
8q
10 = 0 .
The ones for the colour singlet operators are the same as for the K∗ (21). The formulae
for a˜, in relation to ρ0 (66), ar given in appendix F.2.1 for the SM.
Our results for B → ρll, including breakdowns of operator dependence, are shown in
Fig. 7 and Fig. 9, and tabulated data is given in appendix F.1 in Tab. 11. The experimental
measurement of the isospin asymmetry is defined differently to the K∗ case, as [48]
∆(ργ) =
τB0
2τB+
B(B+ → ρ+γ)
B(B0 → ρ0γ) − 1 =
−2a¯I(ργ)
1 + a¯I(ργ)
aI(ργ)1≈ −2a¯I(ργ) , (68)
(aI(ργ) = −∆(ργ)/(2 + ∆(ργ))) where a CP-averaged branching fraction is used. In this
normalisation, our result compares with the experimental result as [4]
∆(ργ)HFAG = −46(17)% , ∆(ργ)LZ = −10(6)% . (69)
We shall quote ∆ in percentage even though, contrary to −1 ≤ aI ≤ 1, ∆ is not bounded
when aI → −1. For completeness we further quote our result for the CP-averaged isospin
asymmetry in B → ργ in the SM as
a¯I(ργ)HFAG = 30(
−13
+16)% , a¯I(ργ)LZ = 5.2(2.8)% , (70)
where we have used Eqs. (69,68) for computing what we call the HFAG value above. Our
result is comparable to that obtained in [10]15 and somewhat larger than that in [49],
principally due to a different choice of αCKM. Our SM result is marginally consistent with
the current experimental value, that is to say they are exactly two standard deviations
apart. There is another way one can reflect on the experimental value (69), namely one can
extract |Vtd/Vts| from the ratio of branching fractions Rρ/K∗ = B(B → ργ)/B(B → K∗γ)
which can be applied for charged and neutral case separately. In view of the fact, to be
discussed in the next section, that the isospin splitting of the ratios of ρ and K∗-channel
is accidentally small (i.e. SM: Rρ0/K∗0 ≈ Rρ+/K∗+ for current CKM angles), we may infer
from table 12 in Ref. [10] that∣∣∣∣VtdVts
∣∣∣∣
Rρ0/K∗0
= 0.229(25%) ,
∣∣∣∣VtdVts
∣∣∣∣
Rρ+/K∗+
= 0.165(25%) ,
∣∣∣∣VtdVts
∣∣∣∣
PDG[21]
= 0.211(7) ,
(71)
and we have quoted the current value from Particle Data Group (PDG) for comparison.
We have given a rough estimate of the error which is mainly due to the B → ργ branch-
ing fraction (c.f. appendix E.4). Thus we infer that the discrepancy in ∆(ργ) (69) is
presumably due to the ρ+- rather than the ρ0-channel.
15Note that [10] uses the opposite sign convention for ∆(ργ).
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Figure 7: (top) Isospin asymmetry for B → ρll with grey error bands. (left(right),middle)
Contribution of different SM operators to the isospin asymmetry in B → ρll. The right hand
graph shows sizeable contributions. Note that unlike at q2 = 0 the C2 contribution is comparable
to the C6 contribution here; this is due to a small weak phase arising from C
eff
9 alleviating the
cosαCKM suppression a little. See appendix E.2 for details of the calculation of the grey error
band. (left(right),bottom) Isospin asymmetry for B → ρll not CP-averaged b → d and b¯ → d¯-
type. They do add up to the CP-average (top) but do deviate significantly from the latter as a
result of strong and weak phases as discussed in section 6.3. No such effect is observed for the
K∗ as explained in some detail in that section.
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6.3 On subtleties of CP-averaging the isospin asymmetries
In this paper we have computed CP averaged quantities which results in the linear approx-
imation to taking the real part of the strong and weak phase separately, whereas no CP
average implies taking real part of the product of the strong and weak phase. Schemati-
cally:
CP-average: Re[eiδstrong ]Re[eiφweak ] , no CP-average: Re[eiδstrongeiφweak ] . (72)
To be more precise the weak and the strong phase is the difference between the isospin-
violating and the isospin-conserving amplitude. Thus in general there can be significant
differences if both δstrong and φweak are sizeable.
Are there sizeable strong phase differences? The isospin conserving amplitude has a
very small strong phase in the region we are considering and thus the question is whether
there is a sizeable strong phase in the isospin violating amplitude. The answer to this is
no for q2 = 0, as only O8(′) contributes with a strong phase at leading order in αs (which
is at least small in the SM). For 1 GeV2 ≤ q2 ≤ 4m2c however the answer is yes: the photon
emitted from a light quark converts via an intermediate ρ, ω-meson and gives raise to a tail
in the imaginary part. This is the case for all IR isospin violation and we refer the reader
to figure 4(left) in [7] for an illustration.
Are there large sizeable weak phase differences? In the SM this is the case for B →
ρ(b→ d) as can be seen from (63) with αCKM = 89(4) but not for B → K,K∗(b→ s). In
BSM scenarios this question is open modulo constraints, in particular CP-observables.
We summarise the conclusions to be drawn from the discussion above in Tab. 4. The
plots for the non CP-averaged isospin asymmetries in B → ρll are shown in Fig. 9. We
see that the asymmetries raise up to ±5% in the 1 GeV2 ≤ q2 ≤ 4m2c-region.
CP effect B → (K∗, ρ)γ B → K(∗)ll B → ρll
SM 7 7 3
BSM (φBSMweak) 7 3 3
Table 4: CP effect stands for CP-averaging effect on the isospin asymmetries and 7(3) mean
(in)significant. Overview of the conclusions to be drawn from the analysis of section 6.3. Note
that a enhancement of O8 or sizeable radiative corrections to WA or QLSS would raise δstrong
and could shift the situation slightly.
In general it might therefore be interesting to measure non CP-averaged isospin asym-
metries in future experimental determinations. This is certainly possible for the K∗ and
the ρ but not for the K, as it is observed through K0S which is a superposition of the
strangeness eigenstates K0 and K¯0.
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7 Isospin asymmetries beyond the SM
The extension of the SM basis was discussed throughout the main text and summarised
in subsection 5.1. Possibly we should reemphasize, for the sake of clarity, that O′7,9,10-
operators of V+A-chirality are of no interest to the isospin asymmetry as they do not
violate isospin. Of course if they become extremely large then they would affect the
rate. Yet it is already known that they cannot be too large e.g. [50, 51, 52]. The various
contributions of the extended basis are detailed in Figs. 8,9 and tabulated in Tabs. 9,10&11
(appendix F.1) for the K, K∗ and ρ channels respectively. One aspect that is immediately
apparent from these graphs is that there are overwhelmingly many contributions that can
give rise to a sizeable isospin asymmetry at low q2. In fact there are so many that by the
rules of probability one would expect cancellations in the generic case. Fortunately this is
where the q2-spectrum should help us, should there be new physics, one cannot expect to
be unlucky over the entire q2-range.
In subsection 5.1.3 we have discussed that only for leading twist and SM chirality the
K and the K∗‖ are related. As noted there this link breaks down in the presence of right-
handed currents, which are only partially constrained, and thus in a generic scenario the
link between the K and the K∗ isospin asymmetry is lost. The reader can convince him
or herself of this fact directly from the corresponding tables and figures referred to above.
B → K∗γ Min. SM Max. Min. SM Max.
au2 -0.39 -0.068 0.25 a
d
2 -0.24 -0.068 0.11
au4 -0.38 -0.068 0.25 a
d
4 -0.24 -0.068 0.10
au5 -0.41 −0.021 + 0.019i 0.37 ad5 -0.67 -0.028 0.61
au6 -0.62 0.021− 0.019i 0.57 ad6 -1.0 0.028 1.0
au9 -0.049 0 0.049 a
d
9 -0.080 0 0.080
au10 -0.048 0 0.048 a
d
10 -0.080 0 0.080
Table 5: Constraints on WCs aqi from B → K∗γ at 2σ, assuming no accidental cancellations
occur, along with SM values. We assume 0 < a¯I(K
∗γ) < 10%, and derive constraints from
Tab. 10 assuming that only a single coefficient aqi deviates from its SM value. SM values are
calculated from (21) and table 8. All constraints are for the real part of these coefficients, the
imaginary part is not constrained by the isospin asymmetry.
7.1 Constraints on isospin sensitive four Fermi operators
We shall now briefly turn to the question to what extent these operators are already
constrained. We identify non-leptonic decays16 as well as B → ρ/K∗γ isospin asymmetries
16∆F = 2-constraints from neutral meson oscillations, usually rather severe, are presumably
not very strong. More precisely if we are to compare SM/MFV type operator OMFV∆B=2 ≈
|λt|2GF /16pi2(b¯Γ1sL)(b¯Γ2sL) (with Γ1,2 specific Dirac structures) then integrating out either b-quarks
or saturating light quarks with intermediate hadronic states one would expect to get a GF ×(m2b ,Λ2QCD) ≈
(10−4, 10−6) suppression in each case.
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B → ργ SM Bound SM Bound
au2 -0.068 -4.1 a˜
d
2 -0.068 -2.1
au4 -0.068 -4.0 a˜
d
4 -0.068 -2.0
au5 −0.021 + 0.402i 0.26e−i87◦ a˜d5 −0.028 + 0.088i 0.42e−i72◦
au6 0.021− 0.402i −0.40e−i87◦ a˜d6 0.028− 0.088i −0.68e−i72◦
au9 0 0.56 a˜
d
9 0 0.94
au10 0 0.56 a˜
d
10 0 0.93
Table 6: Constraints on operators aqi from B → ργ at 2σ, assuming no accidental cancellations
occur, along with SM values. We assume 6% < a¯I(ργ) < 67%, and derive as described below
Tab. 5. The fact that the real part of au5,6 is the same (on the level given digits) as for
B → K∗ in tab 5 is an numerical accident. The large imaginary parts in au5,6 and a˜u5,6 imply
that the constraints applies in the same direction in the complex plane. Note: in the published
version (arXiv v2) only real WC were assumed in which case the constraint on au5 becomes
0.26/cos(−i87◦) ' 4.9 which matches the earlier result. Since our calculated SM value is the
lower bound of this range (within uncertainties), we quote the SM value of the coefficient and
the other bound; the true value is expected to lie in this range. Complementary constraints from
B → (pi/ρ)(pi/ρ) are presented in [53] (c.f. figure 1).
themselves as the main sources for constraints:
• B → ρ/K∗γ isospin asymmetries : the experimental values are quoted in (62), (69)
respectively. These isospin asymmertries are sensitive to aq2,4,5,6,9,10 of WA in par-
ticular. Of course one number such as a¯I(K
∗γ) can not seriously bound twelve
numbers. We might though give indicative constraints by imposing that each of
the coefficients shall not be more than two standard deviations away from the cen-
tral value, which roughly amounts to 0 < a¯I(K
∗γ) < 10% and 6 < a¯I(ργ) < 67%
(−80% < ∆(ργ) < −12%). The results of this procedure are collected in Tab. 5 and
Tab. 6 respectively.
• Non-leptonic decays : four Fermi operators do affect non-leptonic decays such as
B → ρ/piK(∗), Bs → K(∗)φ etc. The disadvantage is that they are difficult to predict
from a theoretical viewpoint. Especially in the absence of a first principle approach
to final state rescattering. The uncertainty in strong phases obscures interference
effects which affects all observables, let alone CP-asymmetries. The advantage though
is that there is a plethora of channels which allows theorists to constrain certain
weak topologies e.g. [54, 55, 56] and permits them to cross-check their methods.
Interesting constraints on four Fermi operators, such as the so-called electroweak
penguins present in the SM, have been obtained in Ref. [57, 58] for instance in
the framework of QCD factorisation. We would like to add two remarks. First,
these operators do partially overlap with ours and would indeed bring in additional
constraints. Yet only global fits lead to solid constraints which is beyond the scope
of this work. Second, from the plots Ref. [57, 58] one infers that it is rather unlikely
that the NP contributions to the WC exceeds the SM values by a factor of five
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but could easily be out by a factor of two. In view of the multitude of channels
this might very well be true for SM-operators. It seems more difficult to come to
a quick judgement for non SM-operators (by which we mean operators with small
WCs). Partial studies do exist: e.g. an interesting direction, in view of right-handed
currents, is the investigation of polarisation in B → V V decays [56] which was carried
out in [59] in the framework of QCD factorisation.
7.2 B → K∗/ργ isospin asymmetry splitting - (quasi) SM null test
The closeness of αCKM to ninety degrees may be exploited to predict an oberservable with
much smaller theoretical uncertainty, albeit at the expense of larger current experimental
uncertainty.
Our prediction is essentially that a¯I(ργ) and a¯I(K
∗γ) should be similar, up to form
factor and hadronic parameter differences17. A major source of uncertainty in determining
a¯I(K
∗γ) and a¯I(ργ) however is the renormalisation scale used to compute the WCs, and
because of this it is worthwhile to calculate a quantity in which the leading scale dependence
and form factor differences cancel, namely
δaI ≡ 1−
a¯I(ργ)
a¯I(K∗γ)
RρK∗ = 1 +
∆(ργ)
(2 + ∆(ργ))a¯I(K∗γ)
RρK∗ , (73)
where
RρK∗ ≡
√
Γ¯(B → ργ)
Γ¯(B → K∗γ)
∣∣∣∣VtsVtd
∣∣∣∣ , (74)
and a barred partial width Γ¯ implies a CP-average, and omission of charges implies an
isospin average18. The dominant contributions to the RHS of (73) are
aI(V γ) ≈ C6 + C5/3
Ceff7
f⊥V F
WA(0)
T V1 (0)
+ . . . Γ¯(B → V γ) ≈ 3αcF
8pi
∣∣λtCeff7 ∣∣2 |T V1 (0)|2 (75)
where the dots stand for C3,4-contributions, which are small as the K
∗ and ρ cases are very
similar, quark masses and B0 → ρ0 diagrams at O(α2s) where the different structure of the
ρ0 matters even for small cosαCKM. The function f
⊥
V F
WA(0) stands for final state emission
where we have explicitly factored out the f⊥ decay constant as compared with (33). More
precisely: f⊥V F
WA(q2) =
∑
i=2,4
(
F di (q
2)− F ui (q2)
)
(i = 2, 4 are the operators proportional
to C6 + C5/3) in the notation of (33), and F
WA is the same for the K∗ and the ρ in our
approximation up to small corrections from different Gegenbauer moments. The correction
factor RρK∗ serves the purpose of eliminating the form factor ratio as a¯I(ργ)/a¯I(K
∗γ) '
17An extension to q2 > 0 is not straightforward as the isospin asymmetries of the K∗ and ρ∗ do differ
qualitatively: Ceff9 (q
2) contributes a small weak phase to the leading amplitude which partially alleviates
the cosαCKM suppression.
18For the ρ-meson this implies Γ¯(B → ργ) = 12 Γ¯(B+ → ρ+γ) + Γ¯(B0 → ρ0γ) due to ρ0 ∼ (u¯u− d¯d)/
√
2
as discussed previously.
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Figure 8: Breakdown of contributions of WA (ai), QLSS (s
f
x,χ) and O(
′)
8 to the isospin asymmetry
B → K(∗)ll in the linear approximation (18). We have split the contributions as detailed in Tab. 2
into different graphs in order to make them more readable. Note that we use aqi = 0.1 and s
f
x,χ = 1
to produce these figures, as in the tables.
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Figure 9: Breakdown of contributions of WA (ai), QLSS (s
f
x,χ) and O(
′)
8 to the isospin asymmetry
B → ρll in the linear approximation (18). We have split the contributions as detailed in Tab. 2
into different graphs in order to make them more readable. Note that we use aui = 0.1, a˜
d
i = 0.1
and sfx,χ = 1 to produce these figures, as in the tables.
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Figure 10: Plot of the effective ρ to K∗ isospin asymmetry difference δaI (73). Vertical lines
indicate the current experimental value of αCKM [21] and its uncertainty. At the present small
value of cosαCKM, δaI is well determined theoretically.
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TB→K
∗
1 (0)/T
B→ρ
1 (0) which follows from Eq. (75). Since the WA contribution f
⊥FWA(0) is
essentially proportional to f⊥, it then follows that
δaI = 1− f⊥ρ /f⊥K∗ + small corrections , (76)
where the principal source of uncertainty, the scale dependence of C6 + C5/3, drops out.
Note that by ‘small corrections’ we mean small as compared to 1. The quantity δaI is
particularly sensitive to corrections to the isospin asymmetry and we therefore include
terms quadratic in WA amplitudes present in (17) but neglected in (18) and elsewhere.
Comparing our prediction with a naive combination of PDG [21] results for these quantities
gives:
[δaI ]exp = −4.0(3.5) , [δaI ]LZ = 0.10(11) . (77)
The theoretical uncertainty should be compared with 1 as it is a ratio, as above and thus
is at 11%, is under rather good control, as compared to roughly fifty percent in the in-
dividual asymmetries. See appendix E.4 for the experimental input used as well as brief
comments on the uncertainty. Let us briefly add that the uncertainty due to the difference
in B-meson lifetimes and |Vts/Vtd| is negligible. Experimental and theoretical values agree
within uncertainties, though the central value is very different and an improved experi-
mental determination is desirable since the theoretical errors are under good control. The
experimental uncertainty due to all four branching fractions involved in δaI is rather similar,
and thus all of them need to be reduced to significantly improve the overall uncertainty. It
should also be added that if the asymmetries are measured in the same experiment (some)
systematic uncertainties can be expected to cancel.
x δ
ad1+x
aI δ
ad8+x
aI
-0.3 1.16(15) 1.71(20)
-0.2 0.82(11) 1.21(13)
-0.1 0.47(9) 0.67(9)
0.1 −0.29(14) −0.51(15)
0.2 −0.68(18) −1.14(21)
0.3 −1.08(23) −1.78(28)
Table 7: Effect of varying adi from their SM values on the isospin splitting δaI . We fix all
aqi to their SM values and then alter a single one by the specified amount. More precisely
δaI [a
d
8 + x] ↔ δaI [ad,SM8 + x] above. The resulting variation of δaI can be large and is primarily
the result of the ρ0 coupling to a different combination of ai as discussed in section 6.1, and is
therefore an example of UV isospin violation (but not MFV violation). The uncertainties quoted
in this table do not include uncertainty from varying the renormalisation scale: this would require
a computation of the scale dependence of the Hamiltonian (65) and is thus beyond the scope of
this work. The renormalisation scale is taken to be the usual central value, µ = 4.7 GeV.
The behaviour of δaI and its uncertainty as a function of αCKM are shown in Fig. 10.
We provide a fit for this plot,
[δaI ]LZ = 0.10− 0.87 cosαCKM , (78)
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where the 1σ bounds are given by [δaI ]LZ ± [σ]LZ where [σ]LZ = 0.10 + 0.14 cos2 αCKM is a
good fit for the error band shown in Fig. 10.
It is clear that the structure of the SM is responsible for the smallness of δaI (73). In
general the quantity δaI is thus highly sensitive to new physics. Two examples are:
• Non-MFV isospin violation: E.g. (aqi |b→s)/(aqi |b→d) 6= λbst /λbdt C.f. Eq. (19) and
therafter for the definition of aqi .
• UV isospin violation: Four fermi operators of the type (19) in unequal proportion
of q = u, d quarks. Such a difference is sensitive to the structure of the K∗,0 and ρ0
parton content.
We provide some example values for the case of UV isospin violation in Tab. 7.
8 Conclusion
Isospin violating effects considered in this paper are of the UV-type, i.e. Heff is asymmetric
under u↔ d, as well as IR-isospin violation which manifests itself in photon emission from
the spectator quark. We have found that CP-averaged isospin asymmetries in the SM are
small, below 1.5%, for B → (K,K∗ρ)ll at lepton pair momentum 1 GeV2 ≤ q2 ≤ 4m2c
as can be inferred from Figs. 6,8 as well as the actual breakdown of the various operator
contributions. In fact in the SM the (K,K∗)ll and ρll are somewhat accidentally small.
In the former case the large Wilson coefficient Cu2 is suppressed by a small CKM-prefactor
|λu/λt|' λ2 ≈ 0.04 and in the latter case it is the smallness of cosαCKM which suppresses
the tree-level WC Cu2 . The latter point is also the reason why the non CP-averged isospin
asymmetry for B → ρll deviates from the CP-averged one c.f. section 6.3. Not performing
the CP-average, which is possible for the ρ and K∗, is certainly an interesting option for
the former per se c.f. Fig.8(bottom) and for the latter in presence of new weak phases.
Isospin asymmetries of B → K∗/ργ are a bit higher, around 5% each, due to the photon
pole enhancement and are measured with reasonable accuracy (62,69). Whereas the K∗
experimental result is in perfect agreement with our prediction the ρ-asymmetry is off by
two standard deviations and calls for further experimental data. In both cases we use these
results to give indicative constraints on the WA WCs, c.f. Tabs. 5,6, by demanding that
no coefficient is more than two standard deviations away from the experimental results.
The smallness of cosαCKM implies that the K
∗/ργ SM isospin asymmetries are structurally
very similar, resulting in the almost identical numerical result, which prompted us define
a (quasi) null test of the SM δaI in section 7.2.
We have not systematically investigated the isospin asymmetry in the high q2-region in
this work. Nevertheless we have argued that it has to be small as it is a) no longer artificially
enhanced as at low q2 by the photon pole, through which isospin effects propagate, b) its
contribution is further suppressed relative to the form factor contributions as the latter feel
the closeness of the t-channel pole at q2 = m2B∗s . On grounds of these arguments, modulo
magic cancellation at low q2, one expects the isospin asymmetry to decrease. We should
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add, that the authors of reference [45] had come to the same conclusion using arguments
of a high q2-OPE.
We have introduced the most general basis of dimension six operators for WA (19)
and QLSS (38) and have detailed various contributions in Tabs. 9,10,11 in appendix F.1
as well as Figs.8,9 in section 7 respectively. Generic selection rules for the B → Kll,
valid for any scalar → scalar ll transition, were discussed in section 5.1.1. Selection rules
for WA, which are more stringent, and were worked out in section 5.1.2 for vectors and
pseudoscalars. After applying all selection rules 24 and 10 operators remain for a vector
and pseudoscalar meson final state, which compares with 7 operators in the SM for the
K∗ and the K-meson. In view of the large number of operators that can contribute, as
detailed in Fig. 6 and Tabs. 9,10 respectively, one might even wonder whether by the laws
of probability cancellation of new physics is the rule rather than the exception. One would
hope that a refined experimental analysis in q2 would reveal the deviation in one bin or
another. In this paper we have not attempted to constrain the four Fermi operators through
non-leptonic decays but have, for the time being19, contented ourselves with a few generic
remarks in section 7.1. In the future data from isospin asymmetries in B → P, V γ/ll could
be combined with data in non-leptonic decays B → PP, PV, V V to constrain four Fermi
operators of bs(d)qq-type more effectively.
On the theoretical side the SM isospin prediction would benefit from an evaluation at
O(αs) of the WA contribution. This computation would also be beneficial to understand
D0 → V ll/γ decays [46]. For the BSM analysis a computation of QLSS within LCSR
would be desirable for the reasons mentioned at the beginning of the section 4.2.
We explained why the K and the K∗‖ contribution are linked at leading twist and for
left-handed currents only. Thus the relation between the Kll- and K∗ll-asymmetry is
therefore already only approximate in the SM and lost entirely should there be sizeable
V+A structures. In view of the experimental results we therefore conclude: whereas it is
very plausible that the K isospin asymmetry is larger or very different from the K∗ isospin
asymmetry, it remains mysterious at this moment why it would be sizeable at high q2 at
all. In fact, in view of this and the smallness of the prediction in the low q2-region, c.f.
Fig. 6 (top,right), the measured deviation of the integrated isospin asymmetry in B → Kll
of the LHCb collaboration [3] away from zero by four standard deviations is somewhat
puzzling. More statistics, especially in the neutral channel, is therefore eagerly awaited.
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A B(B0 → K∗0γ)/B(Bs → φγ)
The LHCb collaboration has recently measured [61] the ratio of branching fractions of
B0 → K∗0γ to Bs → φγ to be
RK∗φ ≡ B(B
0 → K∗0γ)
B(B0s → φγ)
= 1.23(6)stat(4)syst(10)fs/fd , (A.1)
where the uncertainties are statistical, systematic and due to s, d-fragmentation.
In the SM the difference to unity of (A.1) is mainly due to the ratio of form factors.
Generically a difference can arise from WA and this where it connects to the rest of this
work. We shall give an update of the form factor ratio below, discuss an example of how
an enhancement of one of the operators in (19) can lead to sizeable deviations from the
SM-value.
A.1 Form factor ratio update
We present a phenominological update of the form factor ratio,
rK∗φ =
TB→K
∗γ
1 (0)
TBs→φγ1 (0)
= 0.89(10)% , (A.2)
using the results in [17] with the same hadronic input as in [7]. The uncertainty consists
of an estimate of violation of semi-global quark hadron duality as well as a parametric
error. The first uncertainty is obtained by varying the continuum thresholds sB→K
∗,Bs→φ
0
separately and adding them in quadrature. It leads to an ∆s0 ≈ 4% uncertainty. We fix
sB→K
∗
0 , s
Bs→φ
0 = 35(1), 36(1) GeV
2 which is consistent with sB→K
∗
0 − sBs→φ0 ≈ m2Bs −m2Bd .
The second uncertainty is obtained by varying all other parameters and adding them in
quadrature which leads to a ∆para ≈ 6%-uncertainty. Possibly we should add that we vary
the K∗ and φ decay constants separately but vary f⊥ and f ‖ in a correlated way as the ratio
is known from lattice QCD to a high precision. This leads to either a (∆2para +∆
2
s0
)1/2 = 7%
or ∆para + ∆s0 = 10% error depending on whether the two uncertainties are added in
quadrature or linearly. We chose to quote the more conservative error in Eq. (A.2) above.
It would seem worthwhile to compare the central value with previous determinations.
Taking the ratio of the individual form factor predictions in [17] we get rK∗φ = 0.95 +
0.93(a1(K
∗)−0.1). In this formula a⊥1 (K∗) = a‖1(K∗) was assumed which is still a reasonable
rule in view of current determinations a⊥1 (K
∗) = 0.04(3) and a‖1(K
∗) = 0.06(4) as used in
[17]. Taking the average value of the two Gegenbauer moments one gets, rK∗φ = 0.91, a
value rather close to (A.2)20.
One might further wonder why rK∗φ is about 18% lower than a naive estimate f
⊥
K∗/f
⊥
φ .
We identify four main effects: 1) −6% due to mφ 6= mK∗ 2) −3% sB→K∗0 6= sBs→φ0 , 3) −5%
20In [10] rK∗φ = 0.99(13) was quoted based on some input from lattice QCD on the ratio of fBs/fBd
for which there is no reason if the fBd,s are taken from sum rules to the same order which is a consistent
procedure.
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due to a1(K
∗) 6= a1(φ) = 0 and 4) −2% due to a2(K∗) 6= a2(φ) which adds up to 16% and
consists of the bulk effect.
A.2 Prediction of B(B0 → K∗0γ)/B(Bs → φγ) & BSM-effect of WA
The theoretical prediction in the SM is proportional to the form factor ratio
RK∗φ = |rK∗φ|2cK∗φ(1 + δWA) (A.3)
times a phase space factor (whose uncertainty is almost entirely from to the uncertainty
in τBs)
cK∗γ =
τB0
τBs
(
mB0
mBs
)3(1−m2K∗0/m2B0
1−m2φ/m2Bs
)3
= 1.01(2) ; (A.4)
and a small correction for WA: δWA = −0.02(2). Thus essentially RK∗φ|SM≈ |rK∗φ|2
Finally we shall requote experimental ratio (A.1) besides our prediction assembling all
three quantities in (A.3):
RK∗φ|LHCb= 1.23(6)stat(4)syst(10)fs/fd , RK∗φ|LZ= 0.78(18) . (A.5)
The theory uncertainty is almost entirely due to the form factor ratio uncertainty (A.2)
which is after all not small. Thus new physics would need to manifest itself rather promi-
nently21 in order to surface above the form factor uncertainty. The possibility of which we
shall illustrate just below.
The WA processes in Bs → φ decay couples to a unique set of operators, and so we can
modify the WCs in such a way as to shift this amplitude without affecting any other process
considered in this work. By way of example, making the shift au,d,s7 → au,d,s7 − 0.5 leads to
δWA → 0.5(3), and therefore RK∗φ → 1.2(3), without affecting any other FCNC process
we are considering. This result cannot be derived by a simple rescaling of the results in
Tab. 10 because the effect of Gegenbauer moments in the Bs → φ WA amplitudes are
significant.
An extension of this analysis to the differential branching fractions (B0)Bs → K∗0(φ)µ+µ−,
which have recently been measured by the LHCb collaboration [62], would be interesting
and is deferred to later work.
B Distribution amplitudes
B.1 Light meson DA
We shall briefly summarise and define the DA used throughout this paper. For further
references we refer the reader to the classic review [63], the LCSR review [32] and the
21Similar remarks would apply to ratio of the kind B(B0 → ρ∗0γ)/B(B0 → ωγ), as discussed in a
previous footnote.
43
thorough paper on higher twist DA [28]. The 2-particle DA for the pseudoscalar at twist-2
(φK) and -3 (φp,σ) (e.g. [18]) is given by
〈K(p) | s¯(x)a[x, z]q(z)b | 0〉 =
∫ 1
0
duei(up·x+u¯p·z)
[
i
fK
4Nc
[/pγ5]baφK(u)
−i µ
2
K
4Nc
[γ5]baφp(u)− i µ
2
K
24Nc
pµ(x− z)ν [σµνγ5]baφσ(u)
]
+ higher twist ,
(B.1)
where a, b are Dirac indices, u¯ ≡ 1 − u, µ2K ≡ fKm2K/(ms + mq) and the [x, z], here and
hereafter, represent a QCD Wilson line to make the matrix element gauge invariant. The
asymptotic forms22 of the DA functions are
φK(u) = φσ(u) = 6u¯u φp(u) = 1 (B.2)
From the appendix of [18] we see that upon neglecting quark masses and 3-particle DAs,
equations of motion constrain φp,σ(u) to their asymptotic forms. φK(u) is expanded in
Gegenbauer moments as usual.
The 2-particle DA for the vector meson at twist-2 (φ‖,⊥) and -3 (g
(v,a)
⊥ ) (e.g. [17]) is
〈K∗(p, η) | s¯(x)a[x, z]q(z)b | 0〉 =
∫ 1
0
du ei(up·x+u¯p·z)
{
f⊥K∗
4Nc
[
(/η/p)baφ⊥(u)
− i
2
(1)ba(η · (x− z))m2K∗h(s)‖ (u)− i(σµν)bapµ(x− z)ν
η · (x− z)
(p · (x− z))2m
2
K∗h
(t)
‖ (u)
]
+
mK∗fK∗
4Nc
[
(/p)ba
η · (x− z)
p · (x− z)φ‖(u) +
(
/η − /pη · (x− z)
p · (x− z)
)
ba
g
(v)
⊥ (u)
+
1
4
µνρση
νpρ(x− z)σ (γµγ5)ba g(a)⊥ (u)
]}
+ higher twist .
(B.3)
The asymptotic DAs are
φ⊥(u) = φ‖(u) = g
(a)
⊥ (u) = h
(s)
‖ (u) = 6u¯u
g
(v)
⊥ (u) =
3
4
(
1 + (u− u¯)2) h(t)‖ (u) = 3(u− u¯)2 . (B.4)
In fact, these functions overparametrise the K∗ state and are related by QCD equations of
motion [28]. In the limit of three massless quark flavours, the relevant constraint for QLSS
22By asymptotic we mean, as usual, for µF → ∞. All DA depend on the factorisation scale µF of the
LC-OPE which we do not indicate explicitly.
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reads[9]23 ∫ u
0
dv
[
φ‖(v)− g(v)⊥ (v)
]
= u¯
(
g
(v)
⊥ (u)−
g
(a)′
⊥ (u)
4
)
− g
(a)
⊥ (u)
4
, (B.5)
which is used to eliminate the integral from (47). We also require the identity
uh
(t)
‖ (u) +
u
2
h
(s)′
‖ (u) = 2
∫ u
0
(
h
(t)
‖ (v)− φ⊥(v)
)
dv (B.6)
in order to show gauge invariance in in OWA2 results in appendix F.3. To this end we note
that Eqs.(B.5,B.6) follow from equations (4.15/16) and (3.21/22) in [28].
B.2 Photon DA
The leading twist 2 photon DA [29] is:
〈γ(q, ) | q¯a(x)[x, z]qb(z) | 0〉 = ie
∫ 1
0
d4y∗µe
iq·y 〈0 |T q¯a(x)[x, z]qb(z)jµem(y) | 0〉 =
iQq 〈q¯q〉
4Nc
∫ 1
0
duei(uq·x+u¯q·z)(φγ(u)σαβαqβ + (x− z)·)ba + higher twist . (B.7)
The first and second term on the last line correspond to the LHS of equation (2.7) in [29]
and second term on the RHS of the same equation. The reason Eq. (B.7) is not gauge
invariant is that [x, z] does not contain the QED (quantum electrodynamical) Wilson line
as we expand in the external field to first order. Furthermore we have assumed the Lorentz
gauge ∂ · A = 0 through Aµ → µeiq·x 24. Note that the perturbative photon contribution
has to be included separately. The asymptotic photon DA is given by
φγ(u) = 6χu¯u , (B.8)
where χ is the magnetic susceptibility of the quark condensate, calculated to be χ =
−3.15(10) GeV−2 at µ = 1 GeV in [29] (the sign is adjusted to our convention of the
covariant derivative).
23This may be obtained from the equation in [9, eq.8] assuming that φ‖(u) = φ‖(u¯) and likewise for g
(v)
⊥
and g
(a)
⊥ which is valid up to small isospin violating terms. It may more properly be derived directly from
the equation of motion in [28]
24By working with a plane wave the Lorentz gauge is a natural choice. Note still adhering to the plane
wave picture the axial gauge n · A = 0 with Aµ → (µ − (n · )/(n · q)qµ)eiq·x is an alternative. It would
amount to replacing the polarisation vector accordingly in the formulae above.
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B.3 B-meson DA
The B-meson DA used in the QLSS diagrams is given in [38, 39],
〈0 | q¯a(x)[x, z]bb(0) |B(pB)〉 = −ifBmB
4Nc
∫ ∞
0
dl+e
−il·x
×
[
1 + /v
2
{
φ+(l+)/n+ + φ−(l+)
(
/n− − l+γν⊥
∂
∂lν⊥
)}
γ5
]
ba
∣∣∣∣
l=
l+n+
2
(B.9)
where pB = mBv and n+ and n− are light-like vectors
n2+ = n
2
− = 0 , n+ · n− = 2 , (B.10)
for which n± = (1, 0, 0,±1) is a possible parametrisation. This allows an arbitrary vector
x to be written as
xµ =
x+n
µ
+ + x−n
µ
−
2
+ xµ⊥ (B.11)
and the scalar product of two such vectors reads:
x · y = 1
2
(x+y− + x−y+) + x⊥ · y⊥ . (B.12)
The kinematics required for B → K(∗)(γ∗ → ll) are
p+ = mB − q
2
mB
, p− = 0 , q+ =
q2
mB
, q− = mB , (B.13)
with p⊥ = q⊥ = 0.
Furthermore we take φ+ and φ− to be the model functions defined in [64]
φ+(ω) =
ω
ω20
e−ω/ω0 , φ−(ω) =
1
ω0
e−ω/ω0 , (B.14)
with ω0 = 2ΛHQET/3 ' 0.4 GeV. Our results contain the moment functions
λ−1± (q
2) =
∫ ∞
0
dl+
φ±(ω)
l+ − q2/mB − i (B.15)
which evaluate to
λ−1+ (q
2) =
1
ω0
[
1 + ye−y(ipi − Ei(y))] , λ−1− (q2) = e−yω0 (ipi − Ei(y)) , (B.16)
where y = q2/ω0mB and the function Ei is the exponential integral.
46
B.3.1 On corrections for QLSS within QCDF
We would like to discuss the origin of the O(q2/m2B)-corrections due to neglecting the l−-
direction and the l⊥-derivative alluded to in section 4. Further comments can be found in
that section.
• Neglecting the l−-direction: We wish to stress a particular feature of the B-meson DA:
it takes the form of a function of a light-cone coordinate. In the B-meson rest frame
all components of the spectator quark momentum are expected to be of comparable
magnitude O(ΛQCD) and thus the special roˆle of l+ originates from the dynamics. It
turns out that to leading order in 1/mB the short distance part of the matrix element
is only sensitive to the l+ component of the light quark momentum
25, and hence a
light-cone DA is what is required [39]. The next-leading order diagram in Fig. 5 with
photon emission next to the B-meson is sensitive to (q − l)2 = q2 + l2 − q+l− − q−l+
(q⊥ = 0 in the notation of (B.12)) with q− = mB and q+ = mB(q2/m2B). Thus
at q2 = 0 the process depends only on the l+ direction but becomes increasingly
sensitive to l− direction as q2 rises. At q2 = 4m2c this amounts to about a 30%-effect
(q+/q− ' 0.3).
• Neglecting the l⊥ derivative: The derivative w.r.t. l⊥ will be 1/mB suppressed, as
compared to the other term coupling to φ−(l+), except for the case where the photon
is emitted from the light quark originating from the B-meson (same diagram as dis-
cussed in the previous point). The effect on the corresponding light quark propagator
SF is
l+γ
ρ
⊥
∂
∂lρ⊥
γ5γ
µSF (q − l) = il+γ5γρ⊥γµ
(
γρ⊥
(q − l)2 + 2
/q − /l
(q − l)4 l
ρ
⊥
)
= O(ΛQCD/mB) .
(B.17)
This comes about as follows: the second term vanishes by setting l⊥ = 0 after taking
the derivative. To analyse the first term we contract γρ⊥/γ⊥,ρ with a polarisation
vector µ, using the light-cone decomposition (B.11),
l+γ
ρ
⊥/γ⊥,ρ = −l+
[
/n++ + /n−−
]
+ l+ γ
ρ
⊥/⊥γ⊥,ρ︸ ︷︷ ︸
=0
, (B.18)
where the first part must be compared with the other structure coupling to φ−(l+):
i/n−/(/q − /l) =
i
4
/n−
[
+q− + /⊥/n+(q+ + l+)
]
(B.19)
We therefore see that the derivative term is subleading in the + coefficient by
l+/q− = O(ΛQCD/mB). The − coefficient must be related by gauge invariance; see
appendix D.2 for further discussion. At last we would like to mention that it would
be interesting to study whether there is any significant change for 0 < q2 < 4m2c .
25This is the component in the light-like direction which is parallel to the final state light meson.
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C Helicity projectors
As hinted in the main text the basis T1,2,3, or more precisely T2,3, is not ideal for addressing
physical quantities. In the decay rate this emerges in two ways. First a particular direction
namely zero helicity has to be O(mV ) (10) and furthermore the directions T2,3 are not
orthogonal to each other. In the main text we have given the transformation to the helicity
basis h0,± in Eq. (5). We shall give the Lorentz structures for the latter and discuss a few
more details. As in (3) we define:
out
〈
V (p, η)l+(l1)l
−(l2) | B(p+ q)
〉
in
=
GF√
2
λt
α
q2pi
(T V µu¯(l1)γµv(l2) + T Aµu¯(l1)γµγ5v(l2)) ,
where
T (V,A)µ =
∑
i=±,0
h(V,A)P µi , (C.1)
and the helicity basis tensors are given by
P µ± =
1√
2
[
2µνρσηνpρqσ ∓ i√
λV
(
λVm
2
Bη
µ − 2(η · q) ((1− mˆ2V − qˆ2)pµ − 2mˆ2V qµ))] ,
P µ0 =
4imˆV√
2qˆ2λV
(η · q) [2qˆ2pµ − (1− mˆ2V − qˆ2)qµ] .
Writing ~Ph = (P0, P+, P−) and ~P = (P1, P2, P3), suppressing a Lorentz index for the time
being, the transformation follows from the transformation (5) through ~Ph = (B
T )−1 ~P . The
Lorentz structures have the following properties: q · P±,0 = 0 and p · P± = 0. It seems
worthwhile to mention that the mV -factor in P
µ
0 cancels against the 1/m
2
V originating from
the polarisation sum:
∑
pol. = ηµην = (pµpν/m
2
V − gµν). This assures finiteness of the rate
as mV approaches zero, provided that h0 = O(m0V ).
D Gauge invariance
D.1 WA contact terms and gauge invariance
Before discussing the problem in more detail let us state a few general facts, some of which
have already been stated in the main text.
(i) GI (23) is satisfied in Qb and Qq terms separately.
(ii) When there is ISR as well as FSR then one needs to approximate ISR and FSR
consistently in order for (i) to be true.
(iii) In the neutral case (i.e. Qb = Qq), (ii) can be circumvented, at the cost of (i), as ISR
and FSR are separately gauge invariant.
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(iv) Statement (ii) can be circumvented in the case when the four quark operator is of the
current-current type (OWA5−8 (19)). In this case FSR corresponds to a contact term,
up to corrections O(mq,s), which is easily computed using the weak WI.
In previous computations [5, 6], as discussed in [30] in more clarity, (iv) applied as in
the SM only OWA5−8-type (21) are significant in the absence of CKM suppression; then (ii)
does not apply as there is either only ISR or FSR c.f.Tab. 1. Inspecting Tab. 1 we see that
OWA4 for the K is the only problematic case which we shall discuss in some more detail
in subsection D.1.1 below. Furthermore statement (iv) is explained in section D.1.2. The
modification of the issue of contact terms for q2 = 0, which implies substituting the quark
condensate terms 〈qq〉 /q2 for the the photon DA, is outlined in appendix D.1.3.
D.1.1 Eliminating parasitic cuts - spurious momentum k
It is at this point we must point out that factorising the WA matrix elements conceals a
problem in constructing sum rules: the problem of parasitic cuts. As shown in Fig. 11(left)
a na¨ıvely constructed sum rule will receive contributions from cuts which do not have the
same quantum numbers as the B-meson. A solution to this problem was introduced in
[65] where spurious momentum k is introduced at the weak vertex, which gives the second
cut in Fig. 11(left) momentum (pB − k)2 which is distinct from p2B of the first cut. How
the effect of the momentum k is eliminated from the final result is to be discussed shortly
below. We use the momentum assignments shown in Fig. 11(right) and reuse the modified
basis tensors from [7], which are given by
pρT = i
[
Qρ − q
2
Q · (pB + p)(pB + p)
ρ
]
, p¯ρ
T¯
= i
[
kρ − k ·Q
Q · (pB + p)(pB + p)
ρ
]
, (D.1)
where Q ≡ q − k. Amongst the possible six invariants four are fixed as
p2 = m2V,P = 0 k
2 = 0 Q2 = q2 (D.2)
and the remaining two invariants p2B and P
2 = (pB−k)2 correspond to the two cuts shown
in Fig. 11(left). p2B is the dispersion variable and the second cut variable P
2 = (pB − k)2,
is the only trace of the spurious momentum. This is eliminated by setting P 2 = m2B as
p2B ' m2B by virtue of Eq. (29). After projection onto this extended basis, the coefficient
of pρT corresponds to the coefficient of P
ρ
T which appears in the decay rate.
D.1.2 Vector & axial 4-quark operators and the weak WI
In this subsection we dwell in more detail on how point (iv) at the beginning of this
appendix unfolds. According to statement (ii) ISR and FSR then ought to be treated
consistently, as for instance outlined in the previous subsection, in order to maintain GI.
The problem in distinguishing the two cuts shown in Fig.11(right) applies only to the FSR
diagram26. We shall see just below that in the case where the current with kaon quantum
26For ISR radiation the second cut corresponds to the kaon as the momentum flowing into 4 quark
operator is the kaon final state momentum.
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K K
k
pB
Q
p
Figure 11: (left) Momentum assignments for B → Kγ∗ including an additional momentum at
the weak vertex. (right) Dashed lines denote possible cuts with momentum (p + q)2 flowing
through them, which contribute to a na¨ıve sum rule. The right hand cut is a parasite because
the lines it cuts do not have the quantum numbers of the B-meson so should not contribute to a
dispersion relation for the B-meson current current JB.
numbers is of the vector and axial type the diagram is a pure contact term by virtue of
the weak WI and only produces a gauge variant part. This means that it does not carry
any non-trivial dynamics and that its sole purpose is to render the matrix element gauge
invariant. Furthermore we note that adding a spurious momentum does not have any
impact on the diagram. In two subsequent paragraphs we are going to show this through
the weak WI and infer the same result by sketching an explicit computation.
Weak WI Consider the FSR for the operator OWA6 at leading order O(α0s),
〈K∗γ | s¯γµq | 0〉 〈0 | q¯γµγ5b |B〉 = −efB(pB)µν
∫
x
e−ipB ·x 〈K∗ |T s¯γµq(x)Jνem(0) | 0〉
= −efBν
∫
x
e−ipB ·x 〈K∗ | i∂µ {T s¯γµq(x)Jνem(0)} | 0〉
= ie(Qq −Qs)fBν 〈K∗(p, η) | s¯γνq(0) | 0〉
= ie(Qq −Qs)fBfK∗mK∗(η · ) (D.3)
where we have used 〈0 | q¯γµγ5b(0) |B(p+ q)〉 = ifB(p+ q)µ in the first equality,
weak WI: ∂µs¯γ
µq(x) = O(ms −mq)→ 0 (D.4)
in the second equality and [Q,O] = QOO (Q =
∫
d3xJ0em) in the third equality. The last
step is due to the definition of the K∗ decay constant: 〈K∗(p, η) | s¯γνq(0) | 0〉 = mK∗fK∗ην .
As stated previously this contribution is a pure gauge variant term. Adding a spurious
momentum pB → pB − k would not change anything in the derivation. Similarly we find
for the K:
〈Kγ | s¯γµγ5q | 0〉 〈0 | q¯γµγ5b |B〉 = e(Qq −Qs)fBfK(p · ) (D.5)
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We would like to remark that the results in (D.3,D.5) are correct to all orders in QCD
(with mq = 0).
In summary the weak WI (D.4) replaces the computation. In the next paragraph we
shall outline the main points of the explicit LC-OPE computation which comes to the same
conclusion.
Explicit computation We would like to mention one additional point: the reader may
wonder whether we could have simply used the K∗ DAs in (B.3), worked out the result and
not had to concern ourselves with arguments based on WIs. It turns out that (B.3) is in
fact insufficient for this purpose and the Wandzura–Wilczek type relation (B.5) has to be
used. We have checked that this leads to the same result up to O(m2K∗) terms. The latter
are of twist-4 and expected to be there as we have consistently neglected them throughout
this work.
D.1.3 Remarks on gauge invariance and contact terms at q2 = 0.
At q2 = 0 the 〈q¯q〉-term from the light quark propagator, originating from the interpolating
current JB, have to replaced by the photon DA. This gives rise to a puzzle as the former
are gauge variant whereas DA are usually GI. The resolution is, as we shall see, that the
photon DA is QED gauge variant.
Generally for q2 6= 0 and for OWA5−8 the term with FSR produces solely a gauge variant
contact term proportional to Qq − Qb c.f. (D.3) as discussed in subsection D.1.2. GI
is restored by a gauge variant term coming from ISR. As discussed in the main text
section 3.5 for q2 = 0 the the Qq 〈q¯q〉 is replaced by a photon DA term as depicted in
Fig. 4. This means that the ISR and FSR cancellation of gauge non-invariant terms at
the (Qq −Qb) 〈q¯q〉-level implies that the matrix element used for the photon DA, which is
usually gauge invariant, is gauge variant! This is indeed the case as the QED Wilson line
is absent in the matrix element (B.7) as we expand in the external electromagnetic field.
This can be seen explicitly from the corresponding matrix element which is the sum of an
explicit gauge invariant plus a gauge variant term. We have checked that, by working in
the Lorentz gauge ∂ ·A = 027, which is consistent with Aµ → µeiq·x, that the gauge variant
term (corresponding to the second term on the RHS of (B.7)) conspires with the gauge
variant terms from the other diagram in Fig. 2b(right) to produce a term proportional to
Qq − Qb which combines with the contact term Eq. D.3 and leads to a gauge invariant
result.
D.2 QLSS and gauge invariance
The issue of GI for spectator scattering, in section 4, at q2 6= 0 is not straightforward. In
principle we would expect the two diagrams, by which we mean photon emission form the
27Note, the Lorentz gauge does still allow for residual gauge transformations of the form µ → µ + qµ
for example.
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spectator quark, in Fig. 5 to be GI. The computation used in [12]28, which we reproduced
in this paper for non-SM operators, can only be expected to respect GI at leading order.
Yet, since GI mixes different orders a rigourous test cannot be expected. The recipe of
the pragmatist is then subtract the amount of next leading term that renders the leading
term GI. We shall discuss it in more detail below and see that a pole in 1/q2 supports our
argumentation from another point of view.
In full generality, the B → K∗l+l− decay may be parametrised:
〈K∗(η, p)γ∗(q, µ) |Heff |B(p+ q)〉
≡ Uµ(q2) = (η · q)pµUp(q2) + (η · q)qµUq(q2) + ηµ(p · q)Uη(q2) + iµνρσηνpρqσU(q2) .
(D.6)
QED GI requires the following WI to hold:
0 = qµU
µ(q2) = (η · q) [(p · q)Up(q2) + q2Uq(q2) + (p · q)Uη(q2)] . (D.7)
In best of all worlds, where GI is obeyed exactly, we may choose to eliminate any function
by virtue of the equation above. For example we could solve for either
7 Uq(q
2)→− p · q
q2
[
Up(q
2) + Uη(q
2)
]
, (D.8)
3 Up(q
2)→− Uη(q2)− q
2
p · qUq(q
2) . (D.9)
For(D.8) to be well defined the following relation must hold:
Up(0) + Uη(0) = 0 , (D.10)
or Uq(q
2) behaves as 1/q2, which is not acceptable.29 Since Uppµ is power suppressed with
respect to Uqqµ, c.f. (B.13), we cannot expect (D.10) to hold, however applying (D.9) does
work since in contrast to (D.8) it does not contain any m2B/q
2 enhancement. Note for the
K-meson the same discussion applies with Uη|K= 0 from the start. The term U is of no
relevance for the discussion here.
We will illustrate this procedure in the case of B → Kl+l−. The result in this case is
Uµ ∝ (l+mB − 2q
2)pµ + 2(p · q)qµ
l+mB − q2 = 2
(p · q)qµ − q2pµ
l+mB − q2 +
l+mBp
µ
l+mB − q2 . (D.11)
Our procedure (D.9) (Uη|K= 0) demands that Up = −(q2/(p · q)) 2(p · q)(l+mB− q2), which
amounts to dropping the second term on the RHS. This ensures GI. We reemphasize that
if the 1/mb-expansion was implemented to all orders GI would have been automatic.
28These authors do not discuss the QED GI.
29More precisely integrability of the rate, which we expect, is incompatible with 1/q2-behaviour. Note
this pole cannot be compensated by virtual correction as in γ → ll which leads to 1/q2 in |h±|2 (7).
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E Details of calculation
E.1 Input values
Here we summarise the numerical input to our calculation for convenience of the reader. We
compute αs using 2-loop running with 4 or 5 active flavours, with MZ = 91.1876(21) GeV,
αs(MZ) = 0.1184(7) and mb(mb) = 4.18(3) GeV in the MS scheme [21]. We use b and
c quark masses adapted for the pole mass scheme mc = 1.4(1) and mb = 4.7(1) GeV in
all other cases. We use a lattice average fB = 191(5) [36, 37] when not calculating sum
rules, i.e. in the computation of F(2,4),i (33). Inputs used to compute WCs are given
below Table. 8. We compute the CKM matrix elements using a Wolfenstein parametri-
sation expanding up to O(λ2) [66, 67] with the parameters λ = 0.2254(7), A = 0.81(2),
ρ¯ = 0.131(26) and η¯ = 0.345(14) [21]. For the αCKM dependence of δaI (73), we fix the
magnitude |λu/λt| from the Wolfenstein parametrisation. All hadronic inputs for the light
mesons are as given in our previous paper [7]. The new input µ2K = fKm
2
K/ms is com-
puted using ms(2 GeV) = 95(5) MeV [21]. The condensates 〈q¯q〉 and 〈q¯Gq〉 are taken to
be 〈q¯q〉 (1 GeV) = (−0.24(1) GeV)3 and 〈q¯Gq〉 (1 GeV) = (0.8(1) GeV)2 〈q¯q〉 [7].
E.2 Error estimation
We compute error estimates in the following way: the central value of a result is computed
using the central values of all inputs. To compute the error, we then generate a list of
pseudo-random sample points from the probability distributions of the input parameters,
and compute the result for each sample point.
For a function f(x), where x represents allN input parameters and is thusN -dimensional,
the variance is estimated as
σ2 =
1
n− 1
n∑
i=1
(f(xi)− f(xc))2 , (E.1)
where xc is the central values of the input parameters, and not included in xi, and n is the
number of sample points used to compute an error estimate, excluding the central value
xc. The points xi are generated from the N -dimensional probability distribution of input
parameters; note that xi is varied for all parameters simultaneously, so none of its elements
are equal to the central value of any input parameter. In effect, this is a primitive Monte
Carlo integration over the input parameter distribution space. All input parameters are
assumed to be Gaussian distributed with standard deviation equal to their quoted error,
except for the renormalisation scale, to be discussed below. We assign the functions h0,±
and hT an error of 20%, which arises from the uncertainty in the form factors Ti, A1,3, V
and f+,T and non form factor corrections. We impose this at the level of the h functions
so that constraints such as (10) and h+ ∼ O(1/mB) are maintained.
To compute the scale uncertainty only 3 points are sampled: µ, µ/2 and 2µ. The
renormalisation scale is set to µ to compute the central value of a result. The error is
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computed as
σ2µ =
1
2n− 1
n∑
i=1
[(
f
(µ
2
)
− f(µ)
)2
+ (f(2µ)− f(µ))2
]
, (E.2)
although in practice this is implemented by generating a 2n pseudo-random numbers yi in
[0, 1] and selecting µ/2 or 2µ depending on whether y > 0.5. This may then be incorporated
into the same procedure as sampling all other input parameters. We take the central
renormalisation scale µ = mb = 4.7 GeV for all processes except QLSS and O8, which we
take to be µ′ =
√
ΛHµ, where ΛH = 0.5(2) GeV as in [7].
E.3 Wilson coefficients
Although we specify our results in the BBL basis [14] our calculation is carried out in the
CMM basis [16]
Heff = GF√
2
(
2∑
i=1
(λuC
CMM
i Qui + λcCCMMi Qci)− λt
10∑
i=3
CCMMi Qi
)
, (E.3)
where Q7−10 = O7−10 and the four quark operators are given by
Qq1 = 4(s¯LγµT aqL)(q¯γµT abL) Qq2 = 4(s¯LγµqL)(q¯γµbL)
Q3 = 4(s¯LγµbL)
∑
q
(q¯γµq) Q4 = 4(s¯LγµT abL)
∑
q
(q¯γµT aq)
Q5 = 4(s¯LγµγνγρbL)
∑
q
(q¯γµγνγρq) Q6 = 4(s¯LγµγνγρT abL)
∑
q
(q¯γµγνγρT aq) , (E.4)
with 2qL = (1− γ5)q. We transform into the BBL basis following the recipe in appendix A
of [15]; our Ci are equivalent to the C¯i in [15] and are defined by a linear transform from
CCMMi . This linear transform reproduces BBL WCs at O(α
0
s).
We calculate the WCs to NNLL order. The calculation is carried out as described in
the appendix of [15] using the full anomalous dimension matrix computed in [68], at fixed
Nf = 5, and initial conditions are computed at µ = MW as described therein using the
NNLO expressions in [69] for C1−6 and C9,10 and those in [70] for Ceff7,8. An example of the
result of this calculation is given in Tab. 8.
E.4 Numerical evaluation of δaI from PDG values
In terms of experimentally measured quantities, δaI is
δaI = 1−
∣∣∣∣VtsVtd
∣∣∣∣ 2 τB+τB0 B(B0 → ρ0γ)− B(B+ → ρ+γ)τB+
τB0
B(B0 → K∗0γ)− B(B+ → K∗+γ)
√√√√ τB+τB0 B(B0 → K∗0γ) + B(B+ → K∗+γ)
2
τB+
τB0
B(B0 → ρ0γ) + B(B+ → ρ+γ)
(E.5)
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µ = mb µ =
√
mbΛH
CMM BBL CMM BBL
C1 -0.2622 -0.1311 -0.5636 -0.2818
C2 1.0087 1.0524 1.0299 1.1238
C3 -0.0051 0.0110 -0.0175 0.0194
C4 -0.0778 -0.0316 -0.1718 -0.0524
C5 0.0003 0.0087 0.0012 0.0132
C6 0.0009 -0.0371 0.0042 -0.0775
Ceff7 -0.2975 -0.3351
Ceff8 -0.1569 -0.1828
C9 4.0354 4.4207
C10 -4.2496 -4.2496
Table 8: WCs at µ = mb and µ =
√
mbΛH at NNLL order for mb = 4.7GeV, MW = 80.4 GeV,
sin2 θW = 0.23, mt = 177GeV, ΛH = 0.5GeV and Λ
(5)
QCD = 214MeV in two different bases.
Three loop running for αs is used. The BBL basis we use is that defined in [15]; it is equivalent
to the traditional basis defined in [14] at leading order. We use the CMM basis [16] for loop
calculations. The BBL coefficients presented here are defined in terms of a linear transform of
the CMM coefficients as explained in the text.
We use the values [21]
τB+
τB0
= 1.079(7)
∣∣∣∣VtdVts
∣∣∣∣ = 0.211(7)
B(B+ → ρ+γ) = 9.8(2.5)× 10−7 B(B0 → ρ0γ) = 8.6(1.5)× 10−7 (E.6)
B(B+ → K∗+γ) = 4.21(18)× 10−5 B(B0 → K∗0γ) = 4.33(15)× 10−5
and combine all errors in quadrature to get the result (77). The main error comes from the
ratio of differences, that is to say the isospin asymetries themselves, with approximately
equal parts from the numerator and the denominator.
F Results
F.1 Tabulated results for four Fermi operators
We provide numerical data corresponding to Figs. 6 and 8 in Tabs. 10 and 9, at 1 GeV2
intervals in q2. Data for Figs. 7 and 9 are given in Tab. 11. We also provide data for
B → (K∗, ρ)γ, denoted by q2 = 0 in Tabs. 10 and 11 respectively.
F.2 Effective coefficients in B0 → ρ0 decay
Here we collect the formulae for a˜di omitted from section 6.
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q2/GeV2
B → Kll 1 2 3 4 5 6 7 8
au4 = 0.1 0.35% 0.14% -0.03% -0.15% -0.23% -0.27% -0.28% -0.25%
au8 0.68% 0.60% 0.63% 0.64% 0.62% 0.58% 0.53% 0.47%
ad4 -0.10% -0.13% -0.18% -0.21% -0.22% -0.23% -0.22% -0.20%
ad8 0.35% 0.31% 0.33% 0.33% 0.32% 0.30% 0.27% 0.24%
s
SU(3)
1(R,L) = 1 1.28% 0.68% 0.35% 0.18% 0.08% 0.04% 0.01% -0.01%
sc1(R,L) 0.88% 0.60% 0.39% 0.25% 0.16% 0.11% 0.07% 0.04%
sb1(R,L) -0.20% -0.34% -0.31% -0.25% -0.20% -0.15% -0.12% -0.09%
sc2(R,L) -4.68% -3.94% -3.13% -2.46% -1.96% -1.57% -1.25% -0.91%
sb2(R,L) 5.03% 1.75% 0.03% -1.04% -1.76% -2.25% -2.51% -2.44%
C1 Tab. 8 -0.00% -0.00% -0.00% -0.00% -0.00% -0.00% -0.00% -0.00%
C2 -0.84% -0.45% -0.22% -0.10% -0.03% 0.01% 0.03% 0.04%
C3 0.02% 0.04% 0.04% 0.04% 0.04% 0.04% 0.03% 0.03%
C4 -0.11% -0.21% -0.28% -0.31% -0.31% -0.29% -0.27% -0.24%
C5 0.01% -0.00% -0.01% -0.02% -0.03% -0.03% -0.03% -0.03%
C6 0.20% 0.23% 0.30% 0.35% 0.39% 0.41% 0.39% 0.34%
Ceff8 -0.22% -0.09% -0.02% 0.02% 0.05% 0.08% 0.09% 0.09%
SM total -0.93% -0.48% -0.20% -0.01% 0.12% 0.20% 0.24% 0.24%
Table 9: Breakdown of contributions to B → Kll isospin asymmetry in SM operator coeffi-
cients Ci, and in a generalised basis of four quark WA operators with coefficients ai and QLSS
contributions with coefficients sqxχ. We use a
q
i = 0.1 and s
q
x,χ = 1 to produce these values.
a˜d2 =a
d
2 +
1
6
(−au2 − au3 + 4au6 − 4au7 + 3au10) +
2
9
(−a8u2 − a8u3 + 4a8u6 − 4a8u7 + 3a8u10)
+
1
12
(−ad2 − ad3 + 4ad6 − 4ad7 + 3ad10) +
1
9
(−a8d2 − a8d3 + 4a8d6 − 4a8d7 + 3a8d10)
(F.1)
a˜d4 =a
d
4 +
1
6
(−au1 − au4 + 4au5 − 4au8 + 3au9) +
2
9
(−a8u1 − a8u4 + 4a8u5 − 4a8u8 + 3a8u9 )
+
1
12
(−ad1 − ad4 + 4ad5 − 4ad8 + 3ad9) +
1
9
(−a8d1 − a8d4 + 4a8d5 − 4a8d8 + 3a8d9 )
(F.2)
a˜d5 =a
d
5 +
1
12
(
2(ad5 − au5) + 2(ad8 − au8) + (ad4 − au4)− (ad1 − au1)
)
+
1
9
(
2(a8d5 − a8u5 ) + 2(a8d8 − a8u8 ) + (a8d4 − a8u4 )− (a8d1 − a8u1 )
) (F.3)
a˜d6 =a
d
6 +
1
12
(
2(ad6 − au6) + 2(ad7 − au7) + (ad2 − au2)− (ad3 − au3)
)
+
1
9
(
2(a8d6 − a8u6 ) + 2(a8d7 − a8u7 ) + (a8d2 − a8u2 )− (a8d3 − a8u3 )
) (F.4)
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q2/GeV2
B → K∗ll 0 1 2 3 4 5 6 7 8
au2 = 0.1 -1.55% -0.22% -0.00% 0.06% 0.08% 0.08% 0.07% 0.06% 0.06%
au4 -1.58% -0.33% -0.09% -0.00% 0.02% 0.03% 0.04% 0.03% 0.03%
au5 1.29% -0.07% 0.02% 0.00% -0.00% 0.00% 0.01% 0.02% 0.03%
au6 -0.84% -0.53% -0.64% -0.67% -0.65% -0.60% -0.54% -0.47% -0.42%
au9 10.3% -0.20% 0.23% 0.03% -0.02% 0.02% 0.10% 0.17% 0.26%
au10 10.5% 0.43% 0.40% 0.13% 0.08% 0.14% 0.24% 0.34% 0.47%
ad2 = 0.1 -2.85% -0.40% -0.00% 0.12% 0.15% 0.15% 0.14% 0.12% 0.11%
ad4 -2.91% -0.61% -0.17% -0.01% 0.05% 0.07% 0.07% 0.07% 0.06%
ad5 0.78% 0.00% 0.02% 0.00% -0.00% -0.00% -0.00% 0.00% 0.01%
ad6 -0.50% -0.30% -0.34% -0.35% -0.33% -0.31% -0.27% -0.24% -0.21%
ad9 6.23% 0.18% 0.20% 0.02% -0.04% -0.03% 0.00% 0.04% 0.08%
ad10 6.29% 0.45% 0.24% 0.03% -0.03% -0.01% 0.04% 0.09% 0.16%
s
SU(3)
1R = 1 0.00% -1.26% -0.75% -0.38% -0.18% -0.08% -0.03% -0.01% 0.00%
sc1R 0.00% -0.90% -0.67% -0.43% -0.26% -0.16% -0.10% -0.06% -0.03%
sb1R 0.01% 0.20% 0.38% 0.34% 0.26% 0.19% 0.14% 0.10% 0.08%
s
SU(3)
1L -0.28% 0.81% 0.58% 0.36% 0.21% 0.12% 0.06% 0.03% -0.00%
sc1L -0.40% 0.67% 0.57% 0.42% 0.30% 0.22% 0.16% 0.11% 0.07%
sb1L 0.95% -0.00% -0.28% -0.33% -0.31% -0.26% -0.22% -0.18% -0.14%
sc2R 1.59% -1.82% -1.96% -1.64% -1.27% -0.97% -0.73% -0.54% -0.36%
sb2R 5.03% 8.33% 3.25% 0.12% -1.56% -2.38% -2.67% -2.62% -2.28%
sc2L 0.02% 2.43% 2.21% 1.66% 1.19% 0.85% 0.61% 0.44% 0.29%
sb2L 0.05% -4.60% -1.84% -0.05% 0.98% 1.56% 1.83% 1.88% 1.69%
C1 Tab. 8 -0.01% -0.00% -0.00% -0.00% -0.00% -0.00% -0.00% -0.00% -0.00%
C2 0.11% -0.71% -0.44% -0.24% -0.12% -0.06% -0.02% 0.01% 0.03%
C3 0.09% 0.01% 0.04% 0.04% 0.05% 0.04% 0.04% 0.03% 0.03%
C4 -0.98% -0.08% -0.25% -0.30% -0.31% -0.30% -0.28% -0.26% -0.24%
C5 -0.51% -0.09% -0.02% 0.01% 0.02% 0.02% 0.02% 0.02% 0.01%
C6 6.41% 1.40% 0.40% 0.03% -0.11% -0.17% -0.18% -0.18% -0.17%
Ceff8 -0.19% -0.34% -0.14% -0.02% 0.05% 0.09% 0.10% 0.10% 0.09%
SM total 4.92% 0.18% -0.42% -0.48% -0.44% -0.38% -0.33% -0.28% -0.24%
Table 10: Breakdown of contributions to B → K∗ll isospin asymmetry in SM operator coeffi-
cients Ci, and in a generalised basis of four quark WA operators with coefficients ai and QLSS
contributions with coefficients sqxχ. We use a
q
i = 0.1 and s
q
x,χ = 1 to produce these values.
The q2 = 0 value corresponds to the process B → K∗γ and is computed slightly differently
to B → K∗ll as described in section 3.5. The value for sf1R and sf2L are zero at q2 = 0 as a
consequence of h+(0) = 0 in our approximation.
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q2/GeV2
B → ρll 0 1 2 3 4 5 6 7 8
au2 = 0.1 -1.55% -0.23% -0.01% 0.05% 0.07% 0.07% 0.07% 0.06% 0.06%
au4 -1.59% -0.33% -0.09% -0.01% 0.02% 0.04% 0.04% 0.04% 0.03%
au5 1.25% -0.06% 0.02% 0.00% -0.00% 0.00% 0.01% 0.02% 0.03%
au6 -0.81% -0.62% -0.72% -0.74% -0.71% -0.66% -0.59% -0.52% -0.46%
au9 11.0% -0.20% 0.26% 0.04% -0.02% 0.03% 0.11% 0.19% 0.28%
au10 11.1% 0.45% 0.43% 0.14% 0.07% 0.12% 0.23% 0.33% 0.47%
a˜d2 = 0.1 -3.10% -0.46% -0.03% 0.11% 0.14% 0.15% 0.14% 0.12% 0.11%
a˜d4 -3.17% -0.65% -0.18% -0.01% 0.05% 0.07% 0.07% 0.07% 0.07%
a˜d5 0.76% 0.00% 0.02% 0.00% -0.00% -0.00% -0.00% 0.00% 0.01%
a˜d6 -0.48% -0.34% -0.38% -0.38% -0.37% -0.34% -0.30% -0.26% -0.23%
a˜d9 6.62% 0.19% 0.22% 0.03% -0.04% -0.03% 0.00% 0.04% 0.09%
a˜d10 6.68% 0.48% 0.27% 0.04% -0.03% -0.01% 0.03% 0.09% 0.16%
s
SU(3)
1R = 1 0.00% -1.39% -0.81% -0.41% -0.19% -0.08% -0.03% -0.01% 0.00%
sc1R 0.00% -1.01% -0.74% -0.47% -0.28% -0.17% -0.10% -0.06% -0.03%
sb1R 0.01% 0.22% 0.42% 0.37% 0.29% 0.21% 0.15% 0.11% 0.08%
s
SU(3)
1L -0.40% 0.94% 0.64% 0.39% 0.22% 0.12% 0.06% 0.03% -0.00%
sc1L -0.44% 0.77% 0.64% 0.45% 0.32% 0.23% 0.16% 0.12% 0.07%
sb1L 1.12% 0.00% -0.31% -0.36% -0.33% -0.28% -0.23% -0.19% -0.15%
sc2R 1.76% -2.05% -2.13% -1.74% -1.34% -1.01% -0.76% -0.57% -0.38%
sb2R 4.02% 8.46% 3.29% 0.06% -1.70% -2.55% -2.86% -2.82% -2.47%
sc2L 0.02% 2.69% 2.38% 1.76% 1.26% 0.89% 0.64% 0.46% 0.30%
sb2L 0.05% -4.81% -1.85% 0.03% 1.11% 1.70% 1.99% 2.04% 1.83%
C1 Tab. 8 0.01% 0.02% 0.01% 0.01% 0.00% 0.00% -0.00% -0.00% -0.00%
C2 0.01% -1.46% -1.00% -0.65% -0.40% -0.23% -0.11% -0.02% 0.09%
C3 0.08% 0.01% 0.04% 0.05% 0.05% 0.05% 0.04% 0.04% 0.03%
C4 -0.93% -0.09% -0.28% -0.34% -0.35% -0.33% -0.31% -0.28% -0.26%
C5 -0.54% -0.10% -0.02% 0.01% 0.02% 0.02% 0.02% 0.02% 0.01%
C6 6.74% 1.51% 0.46% 0.06% -0.10% -0.16% -0.18% -0.18% -0.18%
Ceff8 -0.14% -0.35% -0.14% -0.01% 0.06% 0.09% 0.11% 0.11% 0.09%
SM total 5.22% -0.45% -0.93% -0.87% -0.72% -0.57% -0.43% -0.32% -0.21%
Table 11: Breakdown of contributions to B → ρll isospin asymmetry in SM operator coefficients
Ci, and in a generalised basis of four quark WA operators with coefficients ai and QLSS contri-
butions with coefficients sqxχ. We use aui = 0.1, a˜
d
i = 0.1 and s
q
x,χ = 1 to produce these values.
The modified four quark coefficients a˜i are explained in section 6. The q
2 = 0 value corresponds
to the process B → ργ and is computed slightly differently to B → ρll as described in section 3.5.
The value for sf1R and s
f
2L are zero at q
2 = 0 as a consequence of h+(0) = 0 in our approximation.
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a˜d9 =a
d
9 +
1
6
(ad9 − au9) +
1
12
((ad1 − au1) + (ad4 − au4)) +
1
9
((a8d1 − a8u1 ) + (a8d4 − a8u4 )) (F.5)
a˜d10 =a
d
10 +
1
6
(ad10 − au10) +
1
12
((ad2 − au2) + (ad3 − au3)) +
1
9
((a8d2 − a8u2 ) + (a8d3 − a8u3 )) (F.6)
F.2.1 Effective coefficients in B0 → ρ0 decay in the SM
The effective coefficients in B0 → ρ0 decay in the SM for B0 → ρ0 are
a˜d2 = a˜
d
4 = 2
(
C5
Nc
+ C6
)
a˜d5 = −a˜d6 =
(
C3
Nc
+ C4
)
+
λu
λt
(
C1 +
C2
Nc
)
(F.7)
a˜d9 = a˜
d
10 = 0 ,
where we have used the formulae of the previous section and Eqs. (21,67). Note, we
recognise the well known colour suppressed tree-level combination C1+C2/Nc in the formula
above.
F.3 Weak annihilation formulae
We list the functions defined on the RHS of (33). Any function not listed is zero and there
are many as can be inferred from Tab. 1. The functions ρCb an ρCd are derived from the
dispersion representation of the Passarino-Veltman functions
Cb = C0(p
2
B, p
2
B −m2B, q2, 0,m2b , 0) Cd = C0(p2B, p2B −m2B, q2,m2b , 0,m2b) (F.8)
which are given in appendix H of [7] (note that Cb = Ca|u=1 and Cd = Cc|u=1).
The functions in (33) which apply at |q2|> 1 GeV2 are given in subsection F.3.1, and
the funtions in (36) which apply at q2 = 0 are given in subsection F.3.2.
F.3.1 WA formulae |q2|> 1 GeV2
Deinfing, as before, d ≡ −
√
2mBmV√
q2E
. we get:
(F.9)f q2,A(q
2, u) = 2pi2φ⊥(u)
(
Qq
(u− 1)m2B − uq2
− Qb
um2B − uq2 + q2
)
(F.10)d · f q2,0(q2, u) =
32pi2m2K∗m
2
B
(m2B − q2)2
h
(s)′
‖ (u)
[
u¯Qb
um2B + u¯q
2
− uQq
u¯m2B + uq
2
]
(F.11)f q4,V (q
2, u) = −2pi2φ⊥(u)
(
Qb
um2B − uq2 + q2
+
Qq
−um2B +m2B + uq2
)
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(F.12)
ρq5,V (q
2, s) =
3
2
mbfK∗mK∗
(
s
(
s− q2)3)−1((m2b − s) (Qb −Qq)(s2 − (q2)2)
− sQb
(
2m2bq
2 − sq2 + s2) log( sm2b
m2bq
2 − sq2 + s2
)
+ sQqq
2
(
2m2b + q
2 − s) log(s (m2b + q2 − s)
m2bq
2
))
(F.13)V q5,V (q
2) =
2pi2fK∗mK∗ (m
2
bQq −Qbq2)
m2bq
2
ρq6,A(q
2, s) =
3
2
mbfK∗mK∗
(
s2
(
s− q2)3 (q2 −m2B)) −1((m2b − s) (s
− q2) (m2b (Qb−Qq)(−sq2 + (q2)2 + 2s2)− s (s− q2) (s (Qb−Qq)− 2Qbq2))
+ s2Qqq
2
(
−2m2b
(
s− q2)+ 2m4b + (s− q2)2) log(s (m2b + q2 − s)m2bq2
)
+ s2Qb
(
−2sm2b
(
s− q2)− 2m4bq2 + s (s− q2)2) log( sm2bm2bq2 − sq2 + s2
))
(F.14)
(F.15)V q6,A(q
2) = −
2pi2fK∗mK∗
(
−m2bq2 (Qb − 3Qq) +m4bQq +Qb (q2)2
)
m2bq
2 (m2B − q2)
(F.16)
d · ρq6,0(q2, s) = 3mbm2BfK∗mK∗
(
s2
(
s− q2)3 (m2B
− q2)) −1(2s2m4bQb log( sm2bm2bq2 − sq2 + s2
)
− 2s2m2bQq
(
m2b + q
2 − s) log(s (m2b + q2 − s)
m2bq
2
)
+
(
m2b − s
)
(Qb −Qq)
(
s− q2) (m2b (q2 − 3s)+ s (s− q2)))
(F.17)d · V q6,0(q2) =
8pi2m2BfK∗mK∗Qq
q2 (m2B − q2)
(F.18)
ρq9,V (q
2, s) =
3
2
(
s
(
s− q2)3)−1 f⊥K∗ (−2sm4bQbq2 log( sm2bm2bq2 − sq2 + s2
)
+
(
m2b − s
) (
s− q2) (m2b (Qb −Qq) (q2 + s)− s (Qb +Qq) (s− q2))
+ 2sm4bQqq
2 log
(
s (m2b + q
2 − s)
m2bq
2
))
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(F.19)V q9,V (q
2) =
4pi2f⊥K∗ (m
2
bQq −Qbq2)
mbq2
ρq10,A(q
2, s) = −3
2
f⊥K∗
(
s
(
s− q2)2 (q2 −m2B)) −1(−2sm4bQbq2 log( sm2bm2bq2 − sq2 + s2
)
+
(
m2b − s
) (
s− q2) (m2b (Qb −Qq) (q2 + s)− s (Qb +Qq) (s− q2))
+ 2sm4bQqq
2 log
(
s (m2b + q
2 − s)
m2bq
2
))
(F.20)
(F.21)V q10,A(q
2) =
4pi2 (m2b − q2) f⊥K∗ (m2bQq −Qbq2)
mbq2 (m2B − q2)
(F.22)
d · ρq10,0(q2, s) = −12m2Bm2K∗f⊥K∗
((
q2 − s)2 (m2B − q2) 3) −1(m2bQb (m2b (q2 + s)
+ 2s
(
s− q2)) log( sm2b
m2bq
2 − sq2 + s2
)
− (m2b − s) (s− q2) (2m2b (Qb −Qq) + (Qb +Qq) (s− q2))
+m2bQq
(
q2 + s
) (
m2b + q
2 − s)(− log(s (m2b + q2 − s)
m2bq
2
)))
(F.23)d · V q10,0(q2) =
16pi2m2Bm
2
K∗ (m
2
b − q2) f⊥K∗ (m2bQq −Qbq2)
mbq2 (q2 −m2B) 3
ρq4,T (q
2, s) = −3
2
µ2K (mB +mK)
(
sm2B
(
2m2Bq
2 +m4B − 4sq2 +
(
q2
)2)) −1 (2sQbm2B (m4b
+ s
(
m2B− s
))
ρCd(s) + 2sm
2
BQqρCb(s)
(
m2b
(
m2B + q
2− 2s)+m4b + s (s−m2B))
+
(
m2b − s
)
(Qb −Qq)
(
m2b
(
m2B + q
2 − 4s)+ s (−3m2B − q2 + 4s)))
(F.24)
(F.25)V q4,T (q
2) = −4pi
2mbµ
2
KQq (mB +mK)
m2Bq
2
(F.26)
f q4,T (q
2, u) =
2pi2
m2B
(mB +mK)
[
φP (u)
(
u¯Qb
um2B + u¯q
2
− uQq
u¯m2B + uq
2
)
+
φσ(u)
6
(
Qb
u(1 + 2u¯)m2B + 2u¯
2q2
u(um2B + u¯q
2)2
−Qq u¯(1 + 2u)m
2
B + 2u
2q2
u¯(u¯m2B + uq
2)2
)]
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ρq8,T (q
2, s) =
3
2
mbfK (mB +mK)
(
s2
(
s− q2)3)−1(2s2m4bQb log( sm2bm2bq2 − sq2 + s2
)
− 2s2m2bQq
(
m2b + q
2 − s) log(s (m2b + q2 − s)
m2bq
2
)
+
(
m2b − s
)
(Qb −Qq)
(
s− q2) (m2b (q2 − 3s)+ s (s− q2)))
(F.27)
(F.28)V q8,T (q
2) =
4pi2fKQq (mB +mK)
q2
F.3.2 WA formulae q2 = 0
ρ˜q,γ5,V (s) =
2pi2fK∗mK∗Qqφγ
(
m2b
s
)
s
V q,γ5,V = −
2pi2QbfK∗mK∗
m2b
(F.29)
ρ˜q,γ6,A(s) = −
2pi2fK∗mK∗Qq
(
sφγ
(
m2b
s
)
− 2
)
sm2B
V q,γ6,A =
2pi2fK∗mK∗ (Qb − 2Qq)
m2B
(F.30)
ρ˜q,γ9,V (s) =
4pi2mbQqf
⊥
K∗φγ
(
m2b
s
)
s
V q,γ9,V = −
4pi2Qbf
⊥
K∗
mb
(F.31)
ρ˜q,γ10,A(s) =
4pi2mbQqf
⊥
K∗φγ
(
m2b
s
)
m2B
V q,γ10,A = −
4pi2mbQbf
⊥
K∗
m2B
(F.32)
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